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Preface

The present thesis entitled “On Certain Basic Hypergeometric Series
Transformations and Summations” is the outcome of the researches carried
out by me under able guidance and supervision of Dr. S. Ahmad Ali, Head,
Department of Mathematics, Babu Banarasi Das University, Lucknow.

The thesis is divided into six chapters. In chapter 1, we give a brief
background and some of the developments in the theory of generalized
basic hypergeometric series, which form the subject matter of the present
thesis. Chapter 2, contains some new transformations of basic and poly-
basic hypergeometric series that have been established by using Bailey
lemma. In the chapter 3, we have used the concept of Bailey chain to
discover a number of new Bailey pairs. These Bailey pairs have been used
to establish a number of basic hypergeometric series identities. In chapter 4,
we have established certain identities connecting the two components of
Bailey pair. We then have used some known Bailey pairs to drive a number
of new summation and transformation identities of basic hypergeometric
series. In chapter 5, we have given the bilateral extension of some known
transformations of unilateral series using Cauchy’s method of
bilateralization. The last chapter 6, of the thesis contains some
miscellaneous transformations and summation of basic hypergeometric

series.
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Chapter 1

Introduction and Preliminaries

1.1 Introduction

The importance of the study of generalized hypergeometric functions lies in
the fact that they combine, as particular case, most of the special functions of
analysis. Thus, a formula derived for the generalized hypergeometric func-
tion, or more general functions defined through it, becomes a master formula
and provides a handy tool for obtaining results for other simpler functions.
During the last six decades the generalized basic hypergeometric series have
proved to be particularly important, since they have valuable applications
in theory of numbers, theory of partition, combinatory analysis and many
branches of social, physics, natural and engineering sciences. The colossal
mass of literature on basic hypergeometric series has become so significant
and important that their study has acquired and autonomic and respective
status of its own rather than merely being treated as a generalization of the
ordinary hypergeometric series despite of the fact that form some extent the

basic hypergeometric functions are generalization of ordinary hypergeomet-



ric functions.

For a complete account of the theory of basic hypergeometric series one may
refer to the works of Bailey [24], Rainville [67], Slater [87], Exton [39, 40,
41], Srivastava et al [89, 90], Agarwal [2, 3], Gasper and Rehman [44], Fine

[42], Andrews [12] and Andrews, Askey and Roy [20].

1.2 Notations and Definitions

In 1813, Gauss [47] introduced the ordinary hypergeometric series by means
of the following infinite series
ab ala+1)bb+1) 5 ala+1)(a+2)b(b+1)(b+ 2)23

1+—
Tt T e+ 123 c(c+ 1)(c +2)

which can be written as

o b ] S ONGI (122)

where ’c’ is neither zero nor a negative integer.

The generalization of (1.2.2) with » numerator and s denominator parameters

is given by

; B (al)n(ag)n....(ar)nzn
F, _Z(bﬁn(bm”(bs)nm . (1.2.3)

The series (1.2.3) converges

(2) for all finite z if r < s,



(17) for |z] < 1,if r = s+1 and also when z = 1, provided Re[%(b) — ¥(a)] >

0; and when z = —1, provided Re[%(b) — X(a) + 1] > 0,

(7i) diverges for all z # 0, if r > s+ 1.

Here, (a),, denotes the Pochhamer’s symbol or shifted factorial, defined as

ala+1)(a+2)......... (a+n—-1);neN

For » = s + 1, the series (1.2.3) is called balanced or Saalschiitzian, when

X(b)s — 3(a)s+1 = 1 and well-poised when

l4+ar=as+b; = ...... :<a)3+1—|—(b)3.

Series (1.2.3) is said to be nearly-poised of first kind and nearly-poised of

second kind respectively if

14+a;#as+b=.. = (a)s+1+ (b)s

and

l4+a1=as+b; = ... :(a)s“‘(b)s—l#(a)s—i—l"’(b)s-

As already remarked that ordinary hypergeometric series combine, as a spe-
cial case, most of the special functions and polynomials, yet it does not con-
tain, as a particular case, the elliptic and associated functions. This limitation

is overcome through the introduction of generalised basic hypergeometric se-



ries. Heine [48] in 1898 defined the basic analogue of (1.2.1) as

1-¢)1-¢")  A=¢)1=¢"™H1-¢"1-g") ,

1+(1—q).(1—q0)2+ (== =)0 =g 1) 24 (1.2.4)

where ¢ is real or complex, ¢ # 1 and ¢ # 0, —1, —2..... . The series in (1.2.4)
is known as basic (or ¢—) hypergeometric series or Heine series. By taking
q — 11in (1.2.4) we recover the series (1.2.1) by noting that

1—q°

lim =a
—11—g¢q

The series (1.2.4), for convenience of notation, is usually written as

a, b g, 2| SN b n o= (a,bi )0
2901[ . ] _g(q;@ (@ _;(%W)nz '

The generalization of Heine’s series with » numerator parameters and s de-

nominator parameters is given by [44]

ai, a2, ...ar; (¢, 2
rPs
by, by, ..bs
9

CL1, an ) (ar;q)n n_1\n % 14+s—r
Z bl, oz Dol (DT (1.2.5)

where



or equivalently,

oo

(1—a¢) _ (0)
(1 —ag"t7)  (ag";q)ec

(a; Q>n =

j=0
and the series (1.2.5) converges
(7) forall zif r <,
(i1) if r > s + 1, the series converges only when z = 0,
(zii) for |z| < 1ifr =s+1,
qbibs...bs|

(iv) converges absolutely if |¢| > 1 and |z| < ‘amm_ar‘.

For r = s + 1, the series ,¢;(.) is called balanced or Saalschiitzian if

qai1ag...as+1 = b1ba...bg

and if

qal = b1a2 = ... = bsa5+1 (126)

series (1.2.5) is called well-poised. The series 11 is called nearly-poised
if all but one of the pairs of parameter in (1.2.6) have the same product. The

series (1.2.5) is known as nearly-poised of first kind if
qail 75 a2b1 =..= as+1bs.
Same series is said to be nearly-poised of second kind if

qal = agbl = .. = asbs,1 7§ as+1bs.



The series (1.2.5) is called very-well-poised if it is well-poised and ay =
/a1, a3 = —qy/a1, by = y/a; and by = —,/a; respectively. Moreover, the
series (1.2.5) terminates if one of its numerator parameter is of the form of

g™ as

q_m7 b ; ] i n " _m b q n
21 Z Z 2",
[ C n=0 n n=0 Q7C q

It is assumed a denominator can never be of the form ¢~ as
;q) = 0; n=m+1m+2, ...

A Polybasic hypergeometric series is defined as

o ar .. ar ()11, (D1 et (©Omts e (ODman
bl bs : (d)l’l,..., (d)1,81 :...:(d)mJ,..., (C)m,sm
Qaqla“'7QTn; z
= al,ag....a ( )
n(n—1
Z 1,42....0r; (¢ nzn[(_l)nq ]1—|—s T
q7b17b2
n=0
m
(cjla-"'achj;Qj)n n(n-1) s
X ) ) [(_1)nq 2 :IS] T
H(dj717"“7dj73j;Qj)n J
which converges for max (|q|, |q1], -...|gm]|) <1

The generalized basic bilateral hypergeometric series is defined as



aly n a27 (ar; Q)n
2" (1.2.7
Z b17 n b2; ) (bT7 Q)n ( )

which converges | &bzt | < |2| < 1. The series 1, is called well-poised if

a10a2...0r

It is called very-well-poised if it is well-poised and a1 = —ao = gby = —qbs.

A very-well-poised .1, series is known as very-well-poised-balanced if
(asay....ar)qz = (:{:alq—l/Q)r—Z’

with either + or — sign and a well-poised 1, series is called well-poised-
balanced if

(aras....ar)z = (£(a1b))/?)",
with either + or — sign.

In our work, we shall use the following ¢-shifted factorial identities frequently

| ) 1 ( q/a)"q n(n—1)/2
(@)= g = @a o
(@30)oe = [ (1 — ™)
n=>0



(ag™™; Q)n = (q/a; Q)n(—a/q)"q "1/

(ag™"™;q)n _ (q/a;q)n (g)n
(b )n (q/b;q)n \ b

(@;D)n—r  (@;Q)n (¢"7"/b;q)r <b>r

i @)ner  (b50)n (@' "/a;q); \ @

(@; Q)ntr = (a3 @)n(aq"™; q)r

(@ Q)kn = (a;¢")n(ag; ). (ad" 15 %)
(@ 0%)n = (a;Q)n(—; @),
(@ 6*)n = (a5 @)n(aw; Q)nlaw?; q)n,  w = e>™/3
in general,
(@"; 40 = (a;Q)nlawy; @)n(awd; QJnev(awl Y Q)n, w
(qa" " @)n(=qa'? q)n _ (a5 ¢*)n _ 1 —ag™
(al/QS Q)n<_a1/2; Q)n (a; q2)n l—a



1.3 Transformations and Summations of Basic Hy-

pergeometric Series

In the literature there exists a large number of identities connecting two or
more basic hypergeometric series and also the summation identities. One of

the most celebrated such identity is

a g, 2| s (1—azq") (az;q)0
1@0[ ] -1l (1-2¢")  (5:9) (13D

known as Heine’s theorem. The identity (1.3.1) is also known as ¢g—binomial

theorem because for limit ¢ — 1 it becomes

which is an ordinary binomial series. To check the truth of (1.3.1), lets us

consider the following two trivial identities

a; q, qz a; ¢q, =z aq; ¢, =z
1900[ ] = 1900[ ] — (1 —a) 10 [ ] (1.3.2)
and

a; ¢, = aq; ¢, =z a; ¢, gz
1900[ ] =(1-a) 1%00[ ]Jral@o[ ] (1.3.3)



Eliminating

a, ¢, = 1-— a, g, gz
1900[ ]( . 1900[ ] (13.4)

Repeated use of (1.3.4) (n — 1) times yields

(=2 (I—zq) 7 (1—zq" 1)

% [ a, q, 2 ] B (1 —az)(1—azq) (1— azq”—l)

a; q, q"z
xm[ ] (1.3.5)

which is for |¢| < 1 and n — oo gives (1.3.1).

Taking « = 0 1n (1.3.1), we get

0900[' ] Z = =G q) = eq(2),

n:()

which is g—exponential function. If we replace z by z/a and take a« — oo in

(1.3.1), we get

a n nn 1)/2,n
Z = (210)00 = Byl2).

n=0

10



The functions e,(z) and E,(z) are such that
eq(2).Eq(2) = 1.

Also

a, q, 2 b; q, az ab; q, z
1@0[ ] 1900[ ] =1 900[ ] (1.3.6)

is the ¢—analogue of binomial addition theorem, i.e.
(1-2)"(1—2)"=(1—2)"

The identity (1.3.1) is one of the most fundamental result in the theory of
basic hypergeometric series. In fact a large number of summation and trans-
formation identities of basic hypergeometric series can be derived by using
(1.3.1). To demonstrate this fact we derive the following transformation for-

mula

CL, b7 q7 4 b, , 00 C/b7 Z; q7 b
2@1[ ]M 2901[ ] (13.7)

. (¢,2:9)0 s

where |z| < 1 and |b| < 1. To prove (1.3.7), we set a = ¢/b and z = bg" in

(1.3.1) to obtain

n

- C/b q (cq"™; @)oo
== 1.3.8
Z:O (b4™; @)oo (1.3.8)

11



We can write left side of (1.3.7) as

c

a, b; q, z (b g)eo - (@ 0)n(cq™: @)oo p
2901[ ] (g Q)oo;(q; D00 @)oo~

n=0 m=0
(by (1.3.8))
(b: D)oo 5~ (/5 Dy N~ (@D
(& @)oo 2= (4 @)m ’ nz_o(q;q)n( )
)oo C/b q mym azq ;@)oo
g;o (24™; @)oo
(by (1.3.1)

~(b,az;q)0 c/b, z q, b
BCET MG '

In a similar way we can also prove

CL, ba qv z b,b, 00 abz/c, ba aq7 C/b
2@1[ ]M m[ . (13.9)

. (¢,2;¢)o0

and

a, b; q, z ~ (abz/c;q)oo cla, c/b; q, abz/c

] . (1.3.10)

C C

The transformations (1.3.7), (1.3.9) and (1.3.10) are due to Heine [48, 49]

12



and (1.3.10) assumed to be a ¢g—analogue of Euler’s transformation

If we set z = ¢/ab in (1.3.7) and again use (1.3.1), we obtain

M[a, b g, c/ab] _ (c/a:9)oo(c/b: @) (13.11)

. (¢;@)oo(c/ab; @)oo

which is g—analogue of well known Gauss summation

a, by 1 I'el(c—a—10)
o F ) ] Mle—a) T(c—0) (1.3.12)
Next using (1.3.1), we can write
a g, = /e q, cz (az;q)oo
1¥0 140 = (c2: q)
afe; g, cz
= 1900[ ] , (1.3.13)

on equating the coefficients of 2" on both the sides of (1.3.13) and replacing

1

c by c¢g"™, we get

a, ¢ " g, q - q)pa™
2%01[ ] _ (/@ g)na” (1.3.14)

. (¢ @)n

13



which is g—analouge of Vandermonde’s formula. If we reverse the order of

summation in (1.3.14), we obtain

C

mla’ T /a] _ (/aian (1.3.15)

i.e. terminating ¢—analouge of Gauss’s summation formula. The summation

(1.3.14) and (1.3.15) can also obtained directly by putting b = ¢~ in (1.3.11).

The use of identities (1.3.14) and (1.3.15) with (1.3.1) also leads to the proof

of the following transformations due to Jackson

a, b; q, =z 7)o a, c/b; q, bz
2s01[ ](W” 2902[ ] (13.16)

c c, az

and

; [ a, by q, =z ] (abz/c; q) oo ; [ a, ¢/b, 0; ¢ ¢ ]
2001 =——F—~— 3¥2
c, (b2/6; @) ¢, cq/bz

a,bz,c/b;q)so z, abzfe, 0; q q
S | s
» ’q [e.e] bZ, bZQ/C

and (1.3.16) is ¢—analogue of Pfaff-Kummer transformation formula

a, c¢—U; Z/Zl]

C

If we puta = ¢~ (1.3.16) and changing the summation index k£ by n — k, we

14



obtain Sear’s [76] transformation

", b g =z
2¥1
C

b ) (b2\" " alz, @7"e ¢ oq
:%(ﬁ) 3902[ . (13.18)
Cq)n q bqlfn/c, 0

Some more important results follow immediately by using (1.3.1) are Bailey-

Daum (q-Kummer) summation formula

a, b; q, _Q/b B (a;q)oo(—q;q)oo(aq2/b2;qz)oo
2%[ aq/b ] —(—q/b;0) 0 (aq/; q) oo (a5 )0’ (1.3.19)

where |¢/b| < 1.

q-Pfaff-Saalschiitz sum

a, b, q_n; q, 4 o (C/CL; Q)n(c/b; Q>n
3902! 1-n ] (G a)alc/abiq)n (1:3:20)
¢, abg "/c

q-Dixon summation

a, _qa1/27 ba G q, qa1/2/bc
49¥3

—al/2, aq/b, agq/c

_ (ag;9)o(qa? /b q)oc(qa' % /5 q) oo (aq/bC: @)
(aq/b; 4)os(aq/c; a)oo(qa'/?; 4o (qa /2 /bc; )oc

(1.3.21)

15



Watson’s q-Whipple transformation

a, Q\/a, _Q\/a7 bv C, da €,

\/CL, —\/CL, GQ/b7 QQ/C, CLQ/dv aq/ea

8P7

¢ q, ¢*T"a®/bede

aq1+n
 (ag; q)nlag/bc; q)n b, ¢ ¢ ag/de; q, q]
(aq/b; @)n(ag/c; @)n wg/d. agfe. bega

and Jackson’s g-Dougall-Dixon formula

a, Q\/a’7 _Q\/a7 ba ¢, da €,

\/CL, —\/CL, CLQ/b, GQ/Ca CLQ/d7 (ZQ/G,

8Y7

-—-n

a5 49 4

aq1—|—n

_ (ag;9)n(aq/bc; ¢)n(ag/bd; q)n(ag/cd; q)n
(aq/b; @)nlaq/c; q)n(agq/d; q)n(aq/bed; q)n

where ¢'1"a? = bede.

|

(1.3.22)

(1.3.23)

A number of mathematicians have contributed fashionably in the develop-

ment of the theory of basic hypergeometric functions, notably among them

are Heine, Rogers, Ramanujan, Bailey, Slater, Watson, Dougall, Andrews,

Jackson, Carlitz, Askey, Agarwal, Al-Salam, Gasper, Rahman, Ismail, Ex-

ton, Pathan, Srivastava, Saxena, Denis, Singh, Verma, Jain, Singh, Agarwal,

Fine, Chen, Schlosser, Mc Laughlin and several others.

16



1.4 Bailey Lemma, Pairs and Chain

About 65 years ago, in 1944, Bailey wrote an influential paper [25] which was
inspired by Rogers second proof of the Rogers-Ramanujan identities [71]. In
his paper, Bailey gave a very trivial series identity which was later known as

Bailey lemma which states that if

Bn = Zarun—rvn—i-ra (1.4.1)
r=0
and
Yn = Zgrur—nz)nﬁ-r? (142)

then under the suitable convergence conditions and if change in the order of

summations is allowed

> =Y Budn, (1.4.3)
n=0 n=0

where «,, 6., u, and v, are functions of r such that /3, and ,, exist. The proof

is straightforward. In the left hand side of (1.4.3) using (1.4.2), we have

ian’)/n = ianiérur—nvr—kn- (1.4.4)
n=0 n=0 r=n

Assuming that this double series is absolutely convergent, we can interchange

the order of summation to get

ianﬁn = iioﬁdrur—nvr—kn- (1.4.5)
n=0

r=0n=0

17



> ot =) frd: (1.4.6)
n=0 r=0

Bailey lemma is extended to a bilateral analogue in 1970 by Andrews [19]

which is as follows. If

Cn =Y amsnbm. (1.4.7)
m=0

then subject to suitable convergence conditions

ibm i ap = i Cn- (1.4.8)
m=0

n=—oo n=—oo

In (1.4.1) and (1.4.2), if we choose

1 1
ur = 7 UT g ,
(454)r (ag; q)r
we get
. (07
" - : 1.4.9
’ ; (¢; @)n—r (aq; @)ntr ( )
and
S 5
"o : : 1.4.10
! ; (:Q)r—n (aq; Q)nsr ( )

A pair of sequences that satisfy (1.4.9) and (1.4.10) are respectively called

Bailey pair and conjugate Bailey pair relative to a.

The concept of Bailey pair has been generalized in the works of Bressoud [28]
and Singh [80]. But one of the most significant and elegant generalization is
due to Andrews [17]. If we choose

(k/a;q)r (k;q)r

7,,:—7 UT:

(¢ 9)r

18



in (1.4.1), we obtain

C — . (k;/QQ Q)nf"r(kNI)nJrr ) 1411
Bnla, k; q) ; @ Dmr (@0 D ar(a, k; q). (1.4.11)

Here, it is assumed that

Oé()(a, ky Q) = 0.

The pair of sequence («v,(a, k; q) Gn(a, k; q)) that satisfy (1.4.11) is called WP-

Bailey pair. WP (i.e Well-Poised) nature can verify by using (1.2.6) i.e.

(k/a; @nr (K Qtr _ (kik/a;q)n (kg™ g™ q)r (@)r
(¢ QOn—r(aq; Qntr (¢,aq;q)n (ag'="/k,aq"1;q), \ K

For k =01n (1.4.11), we get (1.4.9).

In fact Andrews [17] defined a process of constructing a new Bailey pairs

from a known one. This has led to the concept of Bailey chain.

Recently, Liu and Ma [61], generalised the idea of WP-Bailey chain. An el-
liptic generalization of Andrews [17] has been given by Spiridonov [88]. A
number of mathematicians including Warnaar [97, 98, 99, 100, 101], Schilling
and Warnaar [82, 83, 84], Paul [63, 64, 65], Agarwal et al [6], Laughlin [58],
Laughlin et al [59, 60], Rowell [72] and Bressoud at al [29] have contributed
significantly in the development of Bailey pairs and chain. For further details
of development and application of Bailey lemma one is referred to a recent

survey by warnaar [97].
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Chapter 2

Transformations of Basic and

Poly-Basic Hypergeometric Series

2.1 Introduction

In 1944, Bailey [25] established a powerful series identity which was later

known as Bailey’s lemma. The Bailey’s lemma states that, if

677, - Zarun—rvn—l—r; (211)
r=0
and
Tn = Z(Sruv-fnvn+r7 (2.1.2)

The content of this chapter is based on the reference [7].
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then, under the suitable convergence conditions and if change in the order of

summations is allowable

> = Bubn, (2.1.3)
n=0 n=0

where «,., d,, u, and v, are functions of » such that ~,, exists.

The Bailey lemma has been a powerful tool in proving Rogers-Ramanujan
type of identities and also a verity of transformations of basic and Poly-basic
hypergeometric series. Slater [85, 86] used Bailey’s lemma systematically
to produced long list of 130 identities of Roger-Ramanujan type. Using the
technique of Bailey lemma Denis [34], Denis and Singh [37], Laughlin [58]
and Laughlin et al [59, 60] have established a number of identities of basic

hypergeometric series.

In the present chapter, we have made an attempt to establish some interest-
ing transformations and summations of basic and polybasic hypergeometric
series by making use of Bailey lemma. Some special cases have also been

mentioned.

In the development of this chapter, we shall require the following known

results

2 3 3n+3 —3n. 3 3
a,  ag, ag*, a’@m e ¢ ¢ g

BB _B2P2 BRB. _g32

5%4

(2% ¢*)n(ag; q)na™
= . (2.14
(@363 ¢3)n(q; @)n ( )

[92]
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2 2 —2n b2 4,2 2n+2. 2 2

22, 2%q, ¢, bty @A g
4¥3
bx2q, ba:2q2, $4q2
(—22q; @)n(b2?q; @)
[92]
z, —xq, ¢ ", 2" ¢ ¢
103
ryq, —wyq, — Tq

(4 Dn(2%6; ) m (V* 65 ¢ ma™ 2.16)
(22¢; O)n (2?2920, )m (@ P)m”

where m is greatest integer < n/2.

[92]

x, —xq, ¢ " ba?¢""% q, q

493
QTQ\/b, _$Q\/b> x2q2

_ (@ Dn (g n(br*q% ) (b4 ) (10 @om™ 5 1 9y
(2q; O)n(b22¢%; @) (0% ¢*)m (2263 4% (bG%; @) 2m

where m is greatest integer < n/2.

[92]
a Yy 4 q (aq, yq; @)n

o _ 190,05 ¢)n (2.1.8)
[ aa ] (¢, ayq; @)n

[1]
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m[a, o, —q/o, e g, 1/‘3] :MG), (2.1.9)

Va, —yJa, agfe (¢, aq/e;q)n \ €

where [1/e| < 1.

[CY, Q\/Oéa _Q\/aa 55 Y, 67 q, QI
695
Vo,  —Va, aq/B, aq/y, agq/d n

(aq, Bq, 74, 6¢; ¢)n
= . (2.1.10
(¢, 2q/8,aq/v,aq/0;q)n ( )

where o = 3v4.

([1], T1.25)

(1= ap'q)(a; p)i(B; )iB~ (ap; p)n(Bg; @)nS "
D T TP ¥ Py e s P W AT N @11

1=

([44], 11.34)

i(l —ap'q") (1 = Bp'q ") e, B p)i(y, o/ B; 4)id"
(1 —a)(1 = B)(q,aq/B;q)i(ap/v, Byp; p)i

1=0

_ (0 B (10.09/B%: a0 1 19
(40405 Dulop/r wipha D

([44], 11.35)

n

(1 —adp"q")(1 = Bp"/0¢") (@, B;p)r (v, 0*/BY; )
«(1 = ad)(1 = 5/0)(6q, @dq/5; q)r(adp/, Byp/ 5 p):

r=

(=)= B) (1 =)L — ad®/By)(ap. Bp;p)n(1q, a0%q/BYi @)n
6(1 —ad)(1 = B/0)(1 —~/0)(1 — ad/Bv)(0g, adq/B; q)n(cdp/7, Byp/d; P)n
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(1 - a)(1 = B)(L =)L — ad®/B)(y/ad,5/Bv:p)1(1/9, B/ad; g
0(1 = ad)(1 = B/6)(1 = ~/0)(L = ad/By)(1/y, By/ad? q)1(1/e, 1/58;p)
(2.1.13)

([44], 11.36 for m = 0)

2.2 Transformations of Basic Hypergeometric Series

The following transformations are true whenever the series involved is con-

vergent.

2 3, .3n+3 —3n. 3 4
a,  aq, ag®, a’q e g q,zq]

BRP2 B2 BB 32

w?q, g

wq, q, azq
= (1 — 2q)3¢2 [ ] . (2.2.1)
2

aqw, aqw

2mi/3

where w = e and | z¢* |< 1, | azq |< 1.

q—Qn’ 1721,4y2q?n-|-27 122, ZEQC]; q27 Zq3]

493

bx2q, bIZ(]Z, x4q2

¢, —q, bg q, x*zq
= (1—qz)3p2 [ ] . (2.2.2)
—:B2q, bxzq

where | z¢® |< 1 and | z2%q |[< 1.

z, —xzq, 2*y*"T, ¢ g, zq?]

4¢3

r?q,  myq,  —axyg
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2 2.2 2 222
1 —z2q)rzq q, g7, yaqa; q, 172
+ ((1 _gﬁ)2 ) m[ ] (2.2.3)
q 2243, 2292
where | z¢? |< 1 and | 2%22¢% |< 1.
¢ ", batq"tR L x, —ag g 24P
493
.%Q\/b, —$(]\/b, x2q2

a ) [% P, b ozt ¢ xzz?qz]
= (1 — 2q)ap3

xq, r¢3, batg?

r2q(1 — 2q)(1 — bxg?) [ ¢ ¢, b, brgt; ¢F, 2?2 ]
— — 2 9 493 5
(1 3TQ)(1 brq ) bx2q4, x2q3, bxq2
(2.2.4)
where | z¢? |< 1 and | 2%22¢% |< 1.
a, y, aq, eq q, q/e
493
q, ayq, agqje
ag, yq, o, qJo, —q /o, e; g, 1fe
+6 ¥5
q, ayq, \/Oé, —\/Oé, OéQ/@
a, vy, o, Q\/aa _Q\/av €; q, Q/e
=6 5 [ ] , (2.25)
q, ayqg, \/a> —\/CY, OZC]/€

for |g/e|] < 1and |1/e] < 1.
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Choose a = 01n (2.2.5), we get

y, aq, eq ¢, qfe
32

g, aqfe
yg, o, g/a, —qyo, e g, 1fe
+5 @4
q, \/Oé, —\/Oé, aq/e

Yy, «, C_I\/Cl’, _q\/a7 €; q, C]/e
=5 4 [ ] , (2.2.6)
q, \/Ol, —\/Ol, QQ/G

where |g/e| < 1and |1/e] < 1.

a, y, ogq, pq, ve,  0¢ q, ¢
6¥5

g, ayq, ogq/B, aq/vy, ag/d

aq, Yyq, «, Q\/aa _Q\/a7 67 e 57 q, ¢
+8 @7

q, ayq, o, —Ja, aq/B, aq/v, aq/d

a, Yy, «, Q\/aa _Q\/aa 67 7, 57 q, q2
=8 P7

¢, ayq, o, —Va, aq/B, aq/y, agq/d

(aq,yq, aq, 4,74, 0¢; @)oo @27
(¢,9v9, ¢, 0q/B,aq/v,0q/5; q) s

where |¢| < 1.
Proof of (2.2.1). Choosing v, = 1, u, = ¢" and

(a,aq,aq?, a®¢>3,q73" ¢3),q*"

(@, 2P~ BPP, -2 ), (2.2.8)

ar:
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in (2.1.1), we get

_ Z (a,aq,aq®, a*¢*" 3, ¢ %)™
=4 (&, PP —BRPR, B3RP, — a3, ),
By using (2.1.4), we get
3. .3 . n
5n — (q 7q >H<GQ7 Q)n(CLQ) 7 (2‘2.9)

(a3¢3; )@ On

setting

5. = o (2.2.10)

in (2.1.2), we get
(2.2.11)

’Y’FL - )
(1—zq)

where | zq |< 1, using (2.2.8), (2.2.9), (2.2.10) and (2.2.11) in (2.1.3), we get
(2.2.1).

Proof of (2.2.2). Choosing v, =1, u, = ¢" and

b2 4,2 2n+2 2 .2 —2n. 2 3r
( T y q ‘r 71: q7q 7q )T’q (2.2.12)

(¢ 2,bx2q,bx2q2,x4q2;q2)r

ar:

in (2.1.1), we get

n —
B b2l‘4y2q2n+2 :L’Z, x2q7 q Qn; q2)rq2r
= Z

(¢%,bx2q, bx?q?, 24¢%; ¢2),

by using (2.1.5), we obtain

(=4 Qn(bg; @n(gz)"
on = (=22 O (b2%¢; q)n 2.2.13)
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By making the use of (2.2.10), (2.2.11), (2.2.12) and (2.2.13) in (2.1.3), we
obtain (2.2.2).

Proof of (2.2.3). Choosing v, = 1, u, = ¢" and

2,2 n+l _ —n. 2r
(x y q Y I7 xq? q bl q)Tq (2.2.14)

(¢, 2%q, xyq, —2yq; q)r

r =

in (2.1.1), we get

n J—
o (22 —nq, 7 q) g
ﬁn q

- (¢,2%q, zyq, —yq; q)r

r=0
by using (2.1.6), we get
(4 D)n (226 ) m (Y? 625 ) (zq)"
n = , 2.2.15
A (22¢; On(22y%4%; ) m (4% ¢)m ( )

where m is the greatest integer < n/2.

Now using (2.2.10), (2.2.11), (2.2.14) and (2.2.15) in (2.1.3), we get (2.2.3).

Proof of (2.2.4). Choosing v, = 1, u, = ¢" and

e g ) (2.2.16)
" (g, mqy/b, —xqy/b, 7262 q),

in (2.1.1), we get

n—+2

n —
5 :qnz(bx% &, —2q,4” " q)rq"
" (g mqvh —ray/b, 220 )
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by using (2.1.7), we get

5, — (@ Dn(bra’ q)n(be”

) m (54?5 ¢*)m (2% @) 2m (xq)"

(2217

where m is the greatest integer < n/2.

(245 )n(b226%; 0)n (0% @) m(2263; ) m (b2¢2; @) 2m

By using (2.2.10), (2.2.11), (2.2.16) and (2.2.17) in (2.1.3), we obtain (2.2.4).

Proof of (2.2.5). let us choose u, = v, =11n(2.1.1) and (2.1.2), we get

B =Y an, (2.2.18)
r=0
and
’Vn = Z(STJ
and -, can be written as,
Yo=Y 0 — Y b+ 0n. (2.2.19)
r=0 r=0
Choose
5 = (@,y: @)ng" (2.2.20)
(¢, ay¢; On
in (2.2.19), gives
i @y ) d" N~y 0)rd" | (a,y;Q)ng"
—~(q,ayq;9)r = (0094 9)r (009G Q)n’
by using (2.1.8), we get
(09969 (00,99 0)n | (0,93 2)nd" (2.221)
(09 Do (,0y6: ) (4, 0¥ @n
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substituting (2.2.20) and (2.2.21) in (2.1.3), we obtain the following relation

[e.9]

ZO‘ (g, Y0 D)oo _ (00,4400 | (043 0)ng ]

g ay0: 00 (0,ay:9)n (g, ayq; @)n

n=0

Z (@Y 4)nd" ”q . (2.222)
0 Q7 ayq; q

By choosing

(e qve, —qaseq)y (1Y)
Qp = (0. Vo, —Ja, ag)e q), (E) (2.2.23)

in (2.2.18), we get

n

_ (Cl/, q\/a, _Q\/O‘a €; Q>r l "
Bn N ; (Qa \/av —\/(1/, QQ/G; Q)r (@> 7

by using (2.1.9), we get

8, = L0960 (1> , (2.2.24)
(¢,aq/e;q)n \ €

now put «,, and 5, in (2.2.22), we have (2.2.5).

Proof of (2.2.77). Substituting

(@, ¢V, —qv/e, B,7,8,4)r¢" 222
(Q7 \/a’_\/a’aq/67QQ/’7aQQ/5;q)T (2.2.25)

Qp =

in (2.2.18), we get

n

B — Z (OK,Q\/OJ, _q\/CY?ﬁf‘)/?(S;Q)TqT
" 0((]7 \/Oé,—\/O{,OZC]/B,OKQ/’Y,(IQ/(S;Q)T’
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on employing (2.1.10), we have

_ (04,89,74,6¢;9)n ..
o (q,0q/B,aq/v,aq/8;q)n (2.2.26)

By substituting «,, and 3, in (2.2.22), we get (2.2.7).

2.3 'Transformations of Poly-Basic Hypergeometric Se-
ries

The following transformations are true whenever the series involved is con-

vergent

[a, Y, Bq Lap; ¢, P Q/ﬁi
©
q, ayq cap/B
[aq, yq, B e Lapg; q, p, Py 1/5]
+ @

q, ayq cap/f i«

a, s . « Loapq; ) ) )
90[ y 5 Pe; 4, P, Pq Q/5] 230

q, ayq : ap/f i«

which converges for max (|1/4|, |¢/5]) < 1.

Taking p = ¢ in (2.3.1), we get

a, y, Bq, aq; q, q/B
493

q, ayq, aq/B
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[aq, yq, 3, a: ag®; q, ¢ 1/5]
+

q, ayq, aq/Bf  «

a/7 b M a: a 2; b 2; /8
(p[ y 5 a; q, ¢ q/ ] (232)
q, ayq, oq/B: «
which converges for max (|1/4], |¢/8]) < 1.
[aq, yg, 7, a/fy o, B tapg :PBp/q
@
q, ayq, agq/B  :ap/vy, By o B
;¢ D, Pq, P/ q]
[a, Yy, e, oq/By ap, Bp; q, p; q]
+
q, ayq, aq/B :ap/y, Byp
_ (ag,¥9,74, 24/ B7; @)oo (@, BP; P) o
(4,9, ayq, aq/B; @)oo (ap /7, BYD: D)o
[a, y, v, a/Bfy o, B :apg :PBp/q
+ ¢
q, ayq, oq/B :ap/y, By o :f
2
;g D .pq ,P/T 4
/ ] (2.3.3)

Changing p — ¢° in (2.3.3), we get

[aq, yg, v, afBy, Bg: o« B iadd g ¢ ¢ q]
@

q, ayq, aq/B, B: ag®ly, By :a

+¢

a, Y, e, aq/By: ag®, B¢ oq, ¢ q]

q, ayq, aq/B: ag*ly, Bv¢
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_ (ag,y9,79, 2q/B7: @)oo (04®, B3 4°)
(4,4, aya, aq/B; @)oc(04? /7, B14%; 4*) o

IR o/By, Bg: o« B o’ g ¢ ¢ g
@
¢, ayq, aq/B, B: ad®/v, By :a

(1—a)(1—B)(1—7)(1—ad?/fy)
6(1—ad)(1—p/0)(1—~/0)(1—ad/B)

{ [ a, vy, vq, ad®q/By tap, Bp; q, D q]
X QP

ayq,  Oq,  adq/B  :adp/y, Pyp/d

~ (aq,¥4;9)c (1 —7/ad)(1 = 6/By)(1 — 1/6)(1 — B/ad)
(¢ ayq; @)oo (1 = 1/7)(1 = By/ad?)(1 = 1/a)(1 - 1/5)

_ (a9,99,7¢,06°/7; @)oo (@, Bpip)oe (1 —)(1 = B)(1 —7)
(¢, ayq,0q, 2dq/B; @)oo (dp/7, BYD/0; D)oo 6(1 — ad)(1 — B/9)

(1—ad®/By) (aq, yq; @)oo (1 —~/ad)(1 — 6/57)

A=) =a0/B7)  (@ayg;0)ee (1—1ja)(1—1/B)

L 1=/ =B/ad)  (1=a)1=B){=)(l=ad®/By)
(1= 1/7)(1 = Bv/ad?) 6(1 — ad)(1 = B/5)(1 —~/6)(1 — ad/B7)

[aq, yg, 7, ad? /By ta, B :adpg :Bp/dq
—

ayq, 0q, «adq/p cadp/y, Byp/d ad :B/6

. ¢, P, pg, ple g

!a, y, v, ad?/By a, B :adpg :Pp/dq
+

ayq, 0q, adq/B :adp/vy, Byp/d ad :B[o
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i 4, s pe, Pl

Proof of (2.3.1). By taking

_ (opg; pg)r (o p)r(B; @)rB~"
(a; pg)r(ap/B; p)r (a5 @)r

in (2.2.18), we have

5, = — (apg; pa)r (@ p)r (85 9)rB "

— (a;p)r(ap/B;p)r(G:O)r

by using (2.1.11), we obtain

(ap; P)n(Be; ) B

on = (¢ 0)n(ap/Bip)n

Now put a,, and 53, in (2.2.22), we obtain (2.3.1).

Proof of (2.3.3). Let us choose

_ (apg;pa)r(Bp/q:p/@)r(a, Bip)r (v, 0/ By 0)rd”
" (s p9) (B p/9)r(a, 0q/ B ) (/. BYpip)r

in (2.2.18), we have

n

5, = Z(apq;pQ)r(/Bp/q;p/Q)r(oz,6;p)r(%a/6%q)rq’"
! (e pq)r (85 0/ ) (a0, 2/ B; @)r ()7, Brps )i

r=0

34
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on employing (2.1.12), we get

(ap, Bp; P)n(vq, g/ BY; On (2.3.9)

on = (¢, 2q/B; @)n(ap/, By D)0

Substituting «,, and 5, in (2.2.22), we get (2.3.3).
Proof of (2.3.5). Let us choose

— (adpg; p@)r(Bp/dq; 0/ Q) (a, B p)r (v, @6/ B7; q)rq”

- 2.3.1
(ad; pq)r(B/8;p/q)r(adp/7, Byp/ 6 )i (6q, g/ B; q)r” (2.3.10)

in (2.2.18) and employing (2.1.13), we have

(1—a)1=8)(1 =71 —ad*/3v)
6(1 —ad)(1—=pB/0)(1 —~/6)(1 —ad/B7)
(ap, Bp; p)n (Ve @6%q/ 57 @)n
(6, adq/B; q)n(dp/v, B/ S5 P)n

(1—a)(1—=8)(1=7)(1—ad*/3v)
6(1—ad)(1 = B/0)(1 —~/0)(1 —ad/B)
. (1/ad,8/87:p)1(1/6, 5/ad; g 23.11)
(1/7, By/ad? @)1 (1 e, 1/Bsp)r

/Bn:

By using o, and j,, in (2.2.22), we get (2.3.5).
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Chapter 3

Some New WP-Bailey Pairs and
Basic Hypergeometric Series

Identities

3.1 Introduction

As discussed in the previous chapter, the Bailey lemma has been a powerful
tool in the discovery of identities of Rogers-Ramanujan type and also a vari-
ety of ordinary and basic hypergeometric series identities. In fact, during last
seven decades Bailey lemma and its various generalizations have proved to
be a powerful tool in the discoveries of Rogers-Ramanujan type of identities,
transformations and summations theorems of ordinary and basic hypergeo-

metric series. Slater [85, 86] used Bailey lemma to discover the famous list

The content of this chapter is based on the reference [8]
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of 130 identities of Rogers-Ramanujan type. Using the same tool more iden-
tities of Rogers-Ramanujan type and basic hypergeometric series have been
given by Andrew [16], Foda and Quano [43], Denis [35], Denis and Singh
[37] and Singh [79].

In (2.1.1), if we choose u, = 1/(q¢; q¢), and v, = 1/(ag; q),, we get

Pn = Z(Q;Q)H—T(GQ§ Q)n—l—r' S

r=0

The pair of sequence («,, (,) that satisfies (3.1.1) is called a Bailey pair rel-
ative to the parameter a. The concept of Bailey pairs has been generalized in
the works of Bressoud [28] and Singh [80]. The most elegant generalizations

of Bailey pair have been given by Andrews [17] which is

n

(k/a; Q)n—r(kS Q)n—l-r
= .. 3.1.2
A ; (6 D (0G D (3.1.2)

The pair (o, 5y,) satisfying (3.1.2) is termed as WP-Bailey pair. It is easy to

see that (3.1.2) follows by setting u, = % and v, = % in (2.1.1). For

k= 01n (3.1.2), we get the standard Bailey pair (3.1.1).

Andrew et al [13, 14, 15, 16] have exploited very effective the mechanism of
Bailey lemma in the form of Bailey chain. Infact, Andrews [17] described
that the process may be iterated to produce a chain of WP-Bailey pairs con-
structing new WP-bailey pairs from existing initial WP-Bailey pair and in-
troduced the concept of Bailey chain. The aforesaid technique developed by
Andrews have been effectively used to discover new WP-Bailey pairs. The

idea of WP-Bailey pairs and chain has further been generalized by Liu and
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Ma [61] and Spiridonov [88].

In the present chapter, we have established some new WP-Bailey pairs using
the following results of Andrews [17] and Warnaar [98]. We, further, have
used the new WP-Bailey pairs to produced a number of new transformations

of basic hypergeometric series.

Theorem 1 [17]. If (v, (a, k;q), Bn(a, k;q)) is a WP-Bailey pair and satisfies

(3.1.2), then so is the pair (o, (a, k; q), 5, (a, k;q)) given by

(p1,p2; On "
— nla,m;q). 3.1.3
GQ/m,CLQ/pz;CDn( ) an(a,m; ) (G.13)

m

ay(a,k; q) = (

& (ak: q) = (mQ/m,mq/pz;q)nz”:((l — mg® (v, pa: @) (k1 s

(aq/pr,aq/p2; @)n <= (1 —m)(maq/p1,mq/p2; 4)r(4; @)n—r

XM<E> Bramiq),  (3.1.4)
(Mmq; @) ntr

m

where m = kp1p2/aq.

Theorem 2 [17]. If (ay,(a, k;q), Bn(a,k;q)) is a WP-Bailey pair, then so is

the pair (o, (a, k; q), 5,(a, k;q)) given by

! . _ (m;Q)Zn ﬁ na a.m:
Oén(CL, ka Q) - (k7q>2n (m) n( ) 7q> (315)
! N En :(k/m;Q)n—r ﬁ " 0. me
6n<a7 k7 Q) - (q’ Q)n—r (m) BT( ) ) Q>7 (316)

r=0

where m = a?q/k.

Theorem 3 [17]. If (ay(a, k;q), Bn(a,k;q)) is a WP-Bailey pair, then so is
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the pair (a,(a, k; q), By(a, k; q)) given by

2 . 2 n
o (a, ks q) = %(q%) tnla.qa/kiq).  (B.17)
n 2 2. 2 r
kg =S & (/Q?C;)’Q)“ (f—z) B, (a. qa®/k: ). (3.1.8)

r=0

Theorem 4 [98]. If (ay,(a,k;q), Bn(a,k;q)) is a WP-Bailey pair, then so is

the pair (a,(a, k: g), B, (a, k; q)) given by

o U ovR)(t oymg) mig)e (K"

(0 R 0) = T e L+ on/m) (s g)om (m) n(e,m;q). (3.19)
oy (L= ovk) St ov/mg) B/ mignr (KN,
Bn(a;k7Q> - (1—0\/kq”)z (l‘l'a\/m)(q,Q)n—r (m) 6’/’( 9 7q)7

r=0

(3.1.10)

where m = a?/kand o € (—1,1).

Theorem 5 [98]. If (ay(a, k;q), Bn(a,k;q)) is a WP-Bailey pair, then so is

the pair () (a, k; q), Fy(a, k; q)) given by

o, (a2, k; ¢%) = an(a,m; q). 3.1.11)

n

(1 — mg®)(k/m?; ¢*)n—r

B, ks ) = e 0on =)@ s

(—aq; q)2n

r=0

x%(ﬂ) : Be(a,miq),  (3.1.12)

(m2¢%;,¢%)nsr \ @

where m = k/aq.

Theorem 6 [98]. If (v, (a,k;q), Bn(a,k;q)) is a WP-Bailey pair, then so is
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the pair (a,(a, k; q), By(a, k; q)) given by

1+ an”)

o (02 ki) = g e, mia), (3.1.13)

n

/ oy (=mg;q)ang” "~ (1= mg® ) (k/m*; ¢ )n—r
ﬁn(a27 ]{J, q2) - (—CL; q>2n Z (1 — m) (q2; qz)n_r

r=0

(k5 ¢*)ntr
(m262; ¢2)ptr

(T) G(amig).  (.14)

a

where m = k/a.

Theorem 7 [98]. If (ay,(a, k;q), Bn(a,k;q)) is a WP-Bailey pair, then so is

the pair (a,,(a, k: q), B, (a, k:q)) given by

gn(a, k1) = an(a,m;q?) i aguyi(a kig) =0, (3.1.15)
8. (a ks q) = E q2)n[nf(1 —mg"")(k/m; ¢)n—or
mEE YT g ) &= T m) (@ 0o
(k ) L n—2r
XM<—> ﬁr(a,m;QQ), (3.1.16)
(mq; QJnr2r \ @

where m = k?/a.

In the next section, we shall also require the following identities.

a, _Q\/a’7 b7 q_n; q, qn+1a1/2/b
493

_\/CI,, CLQ/b7 aqn-i-l

_ (00:0V /b0 5 7

(qv/a,aq/b; q)n
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([44]; 11.14)

For b = kq¢™ in (3.1.17), we get

a, —qva, kq", ¢ ¢ qad'?/k
103

_ (ag,k/Vai@n (1 )"
_(q\/a,k‘/a;Q)n<\/a) . (3.1.18)

a, ¢ ag™%je, ¢ q, &
403

agfe, cg'/*", ag™t!

(1 ++a)(aq,\/q,v/aq/c,qv/a/c; q)n

-~ (2Va)(ag/c, va/e.\ag, g/ a; q)y

_ (1 = va)(aq,\/q,v/aq/c,—qv/a/c; q)n
(2/a)(ag/c, —/q/c,\Jaq, —q/a: Q) (3.1.19)

(193]; 44)

For ¢ = a\/q/k in (3.1.19), we get

a, a/qlk, k", ¢ ¢ ¢
103
kv,  agt"/k, ag"t
(14 va)(aq, vq, k//a, kv/a//a; O
(2v/a)(kv/q,k/a,/aq, gv/a; q)n

_ (= Va)lag, Vg, k/Va, —kVa/ v/ O)n
Bva) /g, —kja. vag —avargh, 20

41



3.2 New WP-Bailey Pairs

If (an(a, k;q), Bnla,k;q))is a WP-Bailey pair, then so are the pairs

(an(a, k; q), By (a, k;q)) given by

! . _ (CL, P15 P2, _Q\/Q;Q)n k "
an(% k; Q) - (q,_\/CL,aq/pl,aq/pQ;q)n (m\/a) . (3.2.1)

! (CL, ]{77 ) _ (mQ/pl>m(1/PQ7k/m, k7Q)n

on (¢, aq/p1,aq/ p2, mq; @)n
X - <q\/m’ _q\/m7p171027q_n7kqnam7m/\/a; Q)’I“ (i>r
(¢, 9v/a, Vm, —v/m,mq/p1,mq/ps, mq' =" [k, mqg" 1 q)r \ Va )
(3.2.2)
where m = kpip2/aq.
Proof of (3.2.1) - (3.2.2). Let us choose
(a; —qv/a; 9)r ( 1 )1«
ar(a,k;q) = ——F—| — | , 3.2.3
(@ £54) (¢, —va;9)r \Va (3:2.3)

in (3.1.2), we obtain

n

(k> k/(Z; Q)n

(kq™, ™™, a, —q\/a; q); (q\/ay

r—0 (aql_n/ka aqn+17 q, —\/CL; q)r k

by making the use (3.1.18), we have

(kR Vaig (1"
Bnlas ks a) = 2 S < Va) . (3.2.4)

We obtain new WP-Bailey pair (3.2.3), (3.2.4). Now using WP-Bailey pair
(3.2.3) and (3.2.4) in (3.1.3) and (3.1.4), we get (3.2.1), (3.2.2).
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/ ca) — (m; Q)Qn(a, —q\/a; Q>n k n
ap(a, k;q) = (k3 q)2n(q, —v/a; @)n (m\/a> : (3.2.5)

n

8 (a, ki q) = (k/m;q)nz((m,q‘”,m/\/&; q)r (iy’ (32.6)

(@D = (@,av/a,mg" " /k;q)r \ Va

where m = qa?/k.

Proof of (3.2.5) - (3.2.6). Using WP-Bailey pair (3.2.3), (3.2.4) in (3.1.5) and
(3.1.6), we obtain (3.2.5) and (3.2.6).

oo (ad? K @)on (0, —gv/asg)n (KN

Oén(a, k, q> = (k’, Q)Qn (q7_\/a’ q)n (qa5/2> . (327)
ke = U907 00 (g 00?2 ki), (1) 28
Pule b0) =0 2 (@ ave @@ iEg, \va) O

r=0

Proof of (3.2.7) - (3.2.8). By using WP-Bailey pair (3.2.3), (3.2.4) in (3.1.7)
and (3.1.8), we get (3.2.7) and (3.2.8).

a,(a, k;q) =

(ov/k, —oqy/m, a, —qy/a; @)n(m; @) [k \"
(4. —v/a, 04k, —ov/m; ¢)n(k; q)2n (m\/a) - 329

n

(k/m,ov/k; q)n Z (m,q~ ™, m/\/a,—qo/m; q)y (i) "
(q’ C]U\//{; q>” (q’ q\/a’ mqlin/l@ _0\/m; Q)r \/a ’
(3.2.10)

B, (a, ki q) =
r=0

where m = a?/k,0 € (—1,1).

Proof of (3.2.9) - (3.2.10). By making the use of WP-Bailey pair (3.2.3),
(3.2.4) in (3.1.9) and (3.1.10), we have (3.2.9), (3.2.10).

tog oy (@, —aVaign (1 !
oy, (a®, ki q°) = G —va dn (¢a> : (3.2.11)
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B, (a% k; %) =

(—=mq; Q)an(k, k/m?%; ¢*)n <m>"
(—agq; ¢)2n(q?, m2¢%; )y

n

y (m,m/v/a; Q)r (¢~ k¢®, ma? ¢®)r  (ma®Va\' (3.2.12)
¢, qv/a@; q)r(m, m2g2t2n m2q2=2n [l q2), \  k ’ o

r=0 (

where m = k/aq.

Proof of (3.2.11) - (3.2.12). Now using WP-Bailey pair (3.2.3), (3.2.4) in
(3.1.11) and (3.1.12), we get (3.2.11) and (3.2.12).

! 2 7.2\ (1+aq2n)(a’ _Q\/a; q)n 1 "
o) = et () G219

B (a2 ks g?) = Mg @anlh k/m* ¢*)n (m)"

(—a; @)an(g% m2¢% %0 \ aq
"N (myom/a; )2 ke? ma ) (mePva\”
XZ ( . (3.2.14)

4, 4v/a; q)r(m2¢>2n, m2¢>=2n [k, m; ¢2), k

r=0

where m = k/a.

Proof of (3.2.13) - (3.2.14). Using WP-Bailey pair (3.2.3), (3.2.4) in (3.1.13)
and (3.1.14), we obtain (3.2.13) and (3.2.14).

(a, —*v/a; ¢*)n ( 1

ozlzn(a,k;Q): (—va. & ) %> ; ozlznﬂ(a,k:;q):O. (3.2.15)

B (a, ki q) =

a

(Vqa, —v/qa,q,mq; q)n
[n/2] T R S S | 2 2 3/2 2\ "
XZ (1-mqg™)(q ", q kg, kg m,m//a; %), m*a°’*q
(1 —m)(mg'="/k,mg*>"/k,mg"*1, mq"*2, ¢*, ¢*>\/a; ¢*); et ’
(3.2.16)

r=0

where m = k?/a.
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Proof of (3.2.15) - (3.2.16). By using WP-Bailey pair (3.2.3), (3.2.4) in
(3.1.15) and (3.1.16), we get (3.2.15), (3.2.16).

cooy_ (puppaava/migdn (Ra\"
(. ki) = (¢, mv/q,aq/p1,aq/p2; q)n ( a > ' -2.17)
(1 ++/a)(k,k/m,mq/p1,mq/p2; q)n

(2v/a)(q, mq, aq/p1,aq/p2; Q)n

B (a, ks q) =

n

XZ( (gv/m, —qy/m, p1, p2, ¢ ", kg™, m,\/q, m/\/a,mv\/q/\/a;q)r g

Vm, —y/m,mq/p1, mq/p2, mgt ="k, mg"*t1, g, m\/q, \/aq, ¢\/a; q),

T

r=0

n

_ (1= a)(k, k/m,mq/p1,mq/ps; q)nz(q\/m, —qv/m, p1,p2, 4" kq",
(2v/a)(q,mq, aq/p1,aq/p2; Qn (v/m, —/m,mq/p1,mq/ pa,

r=0

m,m/a, /g, m/v/a,—mv/q/\/a; 4)rq" (3.2.18)

X
mq' ="k, mg" 1, ¢, m\/q, —m/a, \/ag, —q/a; @),

where m = kpip2/aq.

Proof of (3.2.17) - (3.2.18). Let us choose

_ (a.ava/ksa) (ke

in (3.1.2) and by using (3.1.20), we obtain

(1+Va) (k,Va, k/v/a, kv/a//a;@)n
2via (g, kvaq,vaq,qv/a;q)n

(1 —=+a) (k,k/a,\/q,k//a,—k/q/\/a; q)n
T2 (0 b —Kfavag,—gaga | )

571(@7 k;q) =

We obtain new WP-Bailey pair (3.2.19) and (3.2.20), using (3.2.19), (3.2.20)
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in (3.1.3) and (3.1.4), we get (3.2.17) and (3.2.18).

co o (a,ay/g/miQn(ms@)an (ka\ "
(0, :) = (¢ Mm@ On(k; @)2n <3> (3.2.21)

n

(1 + a)(k/m; Q)nz (m, v/q,m/\/a,m\/q/\/a,q " q)r ¢
(2v/a)(g; @)n (¢, m\/q,\/aq, q/a, mg =" /k; q).

B (a,k;q) =

r=0

n

(1= \/a)(/f/m;q)nz(mm/aa Ve, m/va, —my/q/a,q7"qa)r ¢
(2v/a)(¢; @)n (¢, mv/q, —m/a,\/aq, —qv/a, mg* =" [k; q),
(3.2.22)

r=0

where m = qa®/k.

Proof of (3.2.21) - (3.2.22). By making the use (3.2.19), (3.2.20) in (3.1.5)
and (3.1.6), we obtain (3.2.21), (3.2.22).

co @@k an (ak/avg @)n (kg \"
a,(a,k;q) = G @@ kg \a ) (3.2.23)
8 (0. ks q) = L VAE /g0 ) (47", Vg, q0* [k, g/, P2 [k q)rg”

(2v/a)(q; q)n (¢, qv/a, a*>¢®2 [k, \Jaq, a®>?~" k2 q)r

r=0

n

(1 — /a)(k?/qa’; q)nz(q”% V@ aq/k, ga?/k, a*q/k, —a® 22 ks q)rg”
(2v/a)(¢; O)n (¢, —qv/a, —aq/k, a>¢*/? |k, \/aq, a*>q*>" [ k%; q),
(3.2.24)

r=0

Proof of (3.2.23) - (3.2.24). By using (3.2.19), (3.2.20) in (3.1.7) and (3.1.8),
we deduce (3.2.23) and (3.2.24).

o (akiq) = L= OV oyma") s a/a/ms (s @) (ﬁ) n
nAT (1 - UQ”\/IC)(l + O'\/m)(q’ m\/q; Q)n<k; Q)Qn 4 .
(3.2.25)
B;L(a, k;q) = (14 Va)(ok, k/m;q)n

(2v/a)(q, 0qv/k; @)n
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— (m,\/q,m/\/a,mv/q//a, —oqy/m, ¢ q)rq"

X
(g, mv/q,v/aq, ¢/a, —o/m, mq* =" /k; q),

r=

(1 - \/CL) (U\/k7 k/m, Q)n
(2v/a)(q, 0qvk; @)n

T

Xi (ma m/a> \/q7 m/\/a, _m\/Q/\/aa _UQ\/mv " Q)r q

. (3226
(¢, m\/q, —m/a,\/aq, —q\/a, —o/m, mq =" [k; q), ( )

r=0

where m = a?/k,0 € (—1,1).

Proof of (3.2.25) - (3.2.26). By making the use (3.2.19), (3.2.20) in (3.1.9)
and (3.1.10), we obtain (3.2.25) and (3.2.26).

ey @ ava/mia), (me" 322
) = s O (a) ' .

B (a% k: ¢?) =

(1+ v/a)(—mq, —mq? k/m? k: ¢*)n (m)n

(2v/a)(—aq, —ag?, ¢, m2%; ), \ a

n

Z (m, /g, m/v/a,m\/q/\/a,q/m, —q/m, ¢ ", —q ", ¢"\/k,
(¢, m\/q,\/aq, qv/a, /m, —/m,mg*=" /\/k, —=mql =" /\/k, mq'T™,

r=0

V) (amq2>r

—mg'*tq), \ k

(1= Va)(=mg, —mg®, k/m* k; ¢*)n (@)n

(2\/a)(_a’q7 _a’q27 q27 m2q2; q2)n a

n

(m, m/(l, \/q, m/\/a, —m\/q/\/a7 q\/m’ —q\/m, g —q "
=0 (q’ m\/q, _m/a7 \/CLQa _Q\/a, \/m, —\/TTL7 mql_n/\/l{;’ —mql_”/\/k

n _.n . 2\ "
% q \/k7 q \/k? q)T (amq ) , (3228)

mg'tn, —mg' 7 q), |k

r

where m = k/aq.

Proof of (3.2.27) - (3.2.28). Using (3.2.19), (3.2.20) in (3.1.11) and (3.1.12),
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we get (3.2.27), (3.2.28).

/ oy (e a/g/myiqy/a, —igy/a;q)n (m\"
a,(a® k%) = TR <a> (3.2.29)

4 (@ ks g?) = LT V) (Cma, —ma?, kjm? ks %), ( m>”

(2v/a)  (—a,—aq,¢*,m2¢% ¢%), \aq
Xi(m, V@ m/\a,my/q/\/a, q/m, —qy/m, g ",
(q7 m\/Qa \/CML Q\/aa \/mv _\/m7 mql—n/\/k;,

r=0

—q " "k, —q"Vk; Q)r <amq2)r

—mg' =" /\/k, mg ", —mg' 7 q), \ K

(1= Va) (=mg, —mg® k/m* k; ¢*)n (m\"
(2\/&) (—(1,7 —aqg, q27 m2q2; q2)n aq

X

(m,m/a, /¢, m/\/a, —mv/q/v/a,qv/m, —qy/m,. ¢ ", —q"",
- (g, —m/a,m~\/q,\/aq, —q/a,/m, —/m, mq' =" /\/k, —mq' =" /\/k,

r=

"k, —q"Vk; q)r (amq2

mg't, —mg'tq), \ k

> . (3.2.30)

where m = k/a.

Proof of (3.2.29) - (3.2.30). By using (3.2.19), (3.2.20) in (3.1.13) and
(3.1.14), we obtain (3.2.29) and (3.2.30).

' a,aq/m;q¢®)n [ mg>\" ,
04271(@; kJ,Q) = ((q2 qﬂéq q(é)) ( 5 ) ; a2n+1(a, k; Q) =0. (3231)

a

ke d) — (1+ Va) (mg; ¢*)n (k’,k/m;q)n<—k;)n
Pl ki 0) = (2va) (aq;a®)n (¢, M Q)n

2
3 (1 —mg™) (g™, ¢ " kg™, kg™, m, ¢, m//a,mq/v/a; ¢%)r amq )"
(

< (1 —m)(mg' =" /k,mg*>=" [k, mg"!,mq"*2, 4%, mq,qv/a, */a; ¢*)r \ K
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(1= +/a) (mg; ¢*)n (k, k/m; q)n (—_k)n

(2va) (aq;¢®)n (¢ mg;q)n \ a

2
X[nz/] (1 —mg") (g ¢ " kg™, kg" ™, m,m/a,q,m//a,
(1 —m)(mg*="/k,mg*> " /k,mq"*1,mq"*2, ¢, mq, —m/a,

r=0
—maq/va;q®), (amg\” 3232
“a,—Aa ) \ K ) (5:232)

where m = k?/a.

Proof of (3.2.31) - (3.2.32). By making the use (3.2.19), (3.2.20) in (3.1.15)
and (3.1.16), we get (3.2.31) and (3.2.32).

3.3 Applications

As an application of the new WP-Bailey pairs established in the previous sec-
tion, we establish a number of basic hypergeometric series identities in this
section. If we use the WP-Bailey pairs (3.2.1)-(3.2.32) in (3.1.2), after some

simplification we obtain the following presumably new transformations.

Q\/m7 _Q\/ma P, P2, q—n, kqn, m,
8¥7

vm,  —v/m, mgq/p1, mq/p2, mq"/k, mg"tl,

m/\a; q, q/va
qv/a

_ _(k/a,mq,aq/py, aq/p2; O)n
(aq,maq/p1,maq/ p2, k/m; q)n
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—-n

a, —qy/a, P1, 02, kq", " q, g/a/m
X645

—va, aq/p1, aq/pa, ag*™"/k, ag"™!
(3.3.1)
where m = kpip2/aq, |¢/+/a| <1 and |g\/a/m| < 1.
[ a, _Q\/av \/m7 _\/m7 \/mQJ _\/mQ7 kqn7
8PT
_\/a’7 \/kv _\/k7 \/kq7 _\/kq7 aql_n/k7
" g q/a/m
aq1+n
aq, k/m; q)n m, m/ya, ¢ ¢ q/Va
_ W . . (332)
sy vy Y )n q\/a, mql—'n/k

where m = qa?/k, |q/+/a| < 1 and |g\/a/m| < 1.

a, _Q\/a7 qina kqn’ (l\/(]/k?, —CL\/Q/]{J, CLQ/\/kv

—va, ag"", ag™"/k, /K, —Vk, kg,

—aq/vk; q, k/a?’/Q]

—Vkq
(aq, k?/qa®; q)n qa®/k, qa®?/k, g q, Q/\/CL]
= : 3 2 .
(k/a,k; q)n ga,  aq "k

(3.3.3)

where |¢/+/a| < 1 and |k/a®/?| < 1.

50



[ a, —Q\/CI/, \/m7 _\/m7 \/mq7 _\/mq7 U\/k7 _qo-\/ma
1099
_\/a7 \/ka _\/ka \/kQ7 _\/kqa qa\/ka _O-\/ma

kq", a " g, q¢/a/m ]

aqlfn/k, aqn+1

:(aq,k/m,a\/k;q)n 4(,03[m7 m/\/a, q", —oq\/m; g, Q/\/a]
(k/a,k,0q\/k; @)n a/a, mql—n/k, N

(3.3.4)
where m = a?/k, o € (—1,1), |¢/+/a| < 1and |gy/a/m| < 1.
Q\/ma _Q\/m7 q_n7 _q_n7 qn\/ka _qn\/ka
8¥T
\/m7 _\/m7 mql_n/\/ka _mql_n/\/ka mql—&—n,
m,  m/a; ¢ mg*\a/k
-mg't",  gqy/a
(m2q27_aqa_aq27k7k/a2;q2)n a "
(k. —mq, —mg?, k/m?, a2q% ¢*)n \'m
a, —q\/a, q_na _q_na qn\/ka
X D5
—\/CL, aql_n/\/k7 _aql_n/\/ka a’qn+17
~¢"Vk; 4. ¢*a*?/k
v / , (3.3.5)
_aqn—H
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where m = k/aq, |mq*\/a/k| <1 and |¢?a®?/k| < 1.

m, m/\/a’v Q\/ma —q\/m, q—’I‘L’ _q_n7

w/a, Jm, —/m, mq'"/Vk, —mq¢"/\/k,

8Y7

"Vk,  —q"Vk; q, m¢*Valk

_(m*¢* —ag, —a,k[a*¢*)y  (aq\"
(_mQ7 _mq27k/m2aa2q2;q2>n m
n

iQ\/aa _iq\/aa a, —Q\/a, qin> _qi 9
i\/(l, _i\/aa _\/a7 a'qlin/\/k% _aqlin/\/k%

X665

"k, —¢"Vk; q, a*?q/k

aanrl’ _aanrl
(3.3.6)
where m = k/a, |mq*/a/k| < 1and |a/%q/k| <1
(14 a) av/m, —qym,  p1, p2, ¢ ", kq",
W 1099
\/m7 _\/m7 mQ/Pla mQ/P2> mql_n/k7
Ve,  m, m/ya, my/q/va; q, g
mg"t, my/q,  yag, qv/a
(1 — \/a) Q\/ma —q\/m, P1, P2, q—n, kqna
_W 1110
\/m7 _\/m7 WQ/PL WQ/PZa mql—n/k’
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Va,  m,  mja, m/\/a, —m\/q/\a; q, q]

mqn—l—l’ m\/Q7 \/Clq, _m/a> _Q\/a

_ (ag/p1,aq/p2, mq, k/a; q)n
(maq/p1,mq/p2, k/m,aq; q)n

p1, P2, a, ayg/m, ¢ k¢ q ¢
X6@5[ , (3.3.7)
1

ag/p1, aq/pa, my/q, agt™"/k, aq"t

where m = kpyp2/aq.

(1+ \/a) m, Ve ¢ " m/ya, myq/Va q, g
T 504
my/q, vag, qva, mq'"/k

Ve 6@5[ e Vi mfe e

2\/(1 m\/Qa —m/a, \/GQ7 _Q\/a’ mqlin/k
—my\/q/\a; g, q]
ke
(aq,k/m; Q)n

\/m7 _\/m7 \/mQ7 _\/mQ7 a, CL\/q/,rna
X8w7
\/ka _\/ka \/k:q’ _\/kQ7 m\/q7

kq", ¢ q, ¢°
. (33.8)
aql—l—n’ aql—n/k

where m = a?q/k.
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a, q ", kg, klavq, avq/k, —a\/q/k,
ag* ™" /k, ag™,  k, =k, kg,

8L7

aq/\'k, —aq/Vk; q, q2]
_\/kqa &2q3/2/k

(1+ /a)(aq, k*/qa%; q)n
(2v/a)(k,k/a;q)n

[\/q, qa’/k, qa’?/k, ¢PPd3%jk, ¢ g ,q]
X504

\/aq7 Q\/CL7 a2q27n/k2’ a2q3/2/k:

(1 —v/a)(aq, k*/qa%; q)n
(2v/a)(k, k/a; q)n

va, @?/k, aq/k, —¢*2a®?/k, qa®?/k,
X6¥5

vag, —qva, a2¢K2 d?¢3 Pk,

a" q, q
]. (3.3.9)
—aq/k

(1 + \/a) [ _UQ\/m> q_na m, \/q7 m/\/a>
W 6%¥5
_0\/ma m\/q: \/ag, q\/a'7

mva/Va; g, q]

mq' =" /k

(1 —+a) [ —ogym, - m, o mja, Ve, m/Vae g
VG
_U\/m’ m\/Q7 _m/av \/QQ7 _Q\/aa
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—my/q//a; ¢, q

mq' =" /k

_ (oqvk k/a, ks q)n
(ov/k, k/m,aq; q)n

U\/ka _O—q\/m’ \/m> _\/m> \/mQa _\/mQ>
oq/k, —oy/m, \/k7 _\/k’ \/k%

X109

a, ayg/m, ¢ k¢ q, ¢

—vkq, myq, agt™"/k, ag"t?

. (3.3.10)

where m = a?/k, o € (—1,1).

(1+ v/a) m, qym, —qym, m//a, my/q/V/a,
—2\/(1 1099 . -
\/m’ _\/m> mq n/\/k> —mq n/\/k,’

q ", —q", Vi, @k, —q"Vk; q, amq?/k‘]

mg"t, —mg" my/q, ag,  qva

_d-va) 11%0[7”7 wm. —qvm Vg mfa —myalVa,
2\/a Jm,  —J/m, —mja, m\/q, Jag,

m/va ¢ ", —q", q"Vk, —q¢"Vk; g, aqu/k]
—qv/a, mg"", —mg" mg "k, —mg' Tk

_ (—ag,—a®, m*¢* K/ ¢*)n ((a\"
<_mq7 —qu, k/m27 a2q2; q2)n m
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a, a\/q/m, q_n7 _q—TL’ qn\/k7

myaq,  ag' ")k, —agt™"/k, ag"t?

X6¥5

—q"Vk; q, amg®/k
v / C(33.11)

_aqn—H

where m = k/aq, |amq®/k| < 1 and |amq?/k| < 1.

(1+ va) [m, gvm, —qym, g, m/a, my/q//a,
Tova 0
\/m7 _\/ma m\/Q? \/(Zq, Q\/a'7

q"Vk, —q"\/k, ", —q"; ¢, amq®/k ]

mql—n/\/k’ _mql—n/\/k,’ qun—i—l7 _mqn—H

(1—\/a) 11g010[m’ q\/m7 _q\/m’ \/q7 m/a’7 m/\/a7
A ym, —ym, —mja, mya, g,

q ", —q", —mq/Va, ¢k, —qd"Vk; g, aqu/k]

—qv/a, mg*"/\/k, —mq'7"/\k, mg"Tl, —mg"t

_ (ma,—aq, ¢, m* P ¢P)n (ks kfa; @) (ag)"
(—=mq, —=mq? k/m? k; ¢*)n(q, ag; )n \ m

-n

a, a\/Q/mv iQ\/aa —iq\/a, q—n’ —q 9

i\/a> _i\/aa m\/Q7 aql—n/\/k’ _aql—n/\/k7

X8P7

"k, —q"Vk; q, aqu/k]

n+1 n+1
3

aq —aq

(3.3.12)

where m = k/a and |amq?/k| < 1.
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Chapter 4

Transformations and Summations of

Basic Hypergeometric Series

4.1 Introduction

In the previous two chapters we have used the concept of Bailey lemma and
pair to develop the summation and transformation identities of basic hyper-
geometric series. The development of the present chapter is based based on
and elegant generalization of the concept of Bailey lemma by Andrews [17].
In particular, in the present chapter we have established five identities con-
necting the components «,, and ,, of WP-Bailey pair («,, 5,). We then have
used the known Bailey pairs to derive some summations and transformations

identities of basic hypergeometric series.

We recall from chapter 1 that a WP-Bailey pair is the pair of sequence satis-

The content of this chapter is based on the reference [9].
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This identity follows by setting

(k/a;q), (k;q)r

Up = ———; Uy =
" (o) " (ag; q)r

in (1.4.1). Also the same substitution in (1.4.10) gives

2 k/a q )r (kg*™; q)r
= § R R T (4.1.2)
¢ Q)on = (¢: 9)r(ag® "5 q)r

It may be noted that for £ = 0 in (4.1.1), we get the standard Bailey pair

(1.4.9).

In the next sections, we shall required the definition of following WP-Bailey

pairs.

We define a WP-Bailey unit Bailey pair as

((Z, Q\/a, —q\/a, (l/k7 Q)n <k> "
ap = -], (4.1.3
(4o, —a kg ) \a :
1, n=0,
571 =
0, n>0.
The trivial WP-Bailey pair is defined as
g, = B k/a 0 (4.1.4)
(¢, aq; q)n
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A WP-Bailey pair due to Singh [80] is

O = (CL, Q\/a7 _Q\/a7 Y, z, (I2Q/k’y2, q)n (E) "
" (q,v/a,—Va,aq/y,aq/z, kyz/a;q)n \a )

_ (ky/a,kz/a, k, aq/yz; q)n s
p (q,aq/y,aq/z, kyz/a;q)n (4.1.5)

In our analysis we shall also require the following known results

a, _Q\/a7 b7 & q, q\/a/bc

493
—\/CI,, CLQ/b> GQ/C
_ (0g,ava/b av/a/c,aq/b6 Ao (4 4 o)
(ag/b,aq/c,qv/a,q\/a/bc;q)oe
([44],11.13)
a, Aq, b; q, )\2/ab2
32
A, gA\Z/b
1= X+ A/b(1 = N a) (A2/6%, N2 /ab; q)so @.1.7)
(=AM (@A N ab% )
where |\?/ab?| < 1.
[44]
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a, b g, —q/b (—¢; @)oo (aq, aq?/b*; ¢*) s
- , 418
e ! aq/b ] (—a/b, aq/b; q)oc (*+1.8)

where |¢/b| < 1.

([44] 11.9)
_ b: b2 .
4¢3[ a, Q\/a> Q\/Cl, ) 4, 1/ q ] _ ((a/b;,ll/bb;],q)oo (419)
Ja, —va, agq/b aq/b,1/b%q; q) oo
[96]
[aa Q\/av _q\/a’a \/a/bv _\/a/bv \/GQ/bv _\/a’Q/b,
87
va, —va, qyab, —gy/ab, abg, —\/abg,
b; ¢, bq

aq/b

(aq, b*q; @)oo
_ 097490 41 10
(bq, abg; q) oo )

where |bg| < 1.

[62]

4.2 Main Results

If (an, ) 1s a WP-Bailey pair, then under suitable convergence conditions

the following relations are true

— (—avk,c;q)n ( ag \"
Z (—v/k, kq/c; q)n (c\/k> o

n—
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_ (kg aq/Vk, qV/k/c,aq/c; q) OOZ (k5 q) 2n —avk, avk ¢ g)n ( ag >na
(aq/cv/k, aq, kq/c, av/k; @)oo “— (kq; @)2n(—Vk, aq/Vk,aq/c;q)n \ ek )

4.2.1)

( "+1\/a/€ q)n<a2)
; R on

_ (a/k,aq/k;q) OOZ (k, kq™, ¢"1\/ak; q)n
(a?/k?, ag; q)oo ”\/ak' a*q/k,a*q" [k q)n

(1_\/@kq2n+\/a/(\/k a3/2 ") { a? n
(1 — g>\/Jak)(1 4+ v/a/\/k) (@) apn. (4.2.2)

- (Q\/ka _Q\/kQQ)n a_z)n
nz_o (VE =VE; @)n (qu on

(@R alkq; Qoo (K kG avE, —av/ki @) [ a®\"
— (aq’a?/kQQ;Q)oo;(af?/l{,CLQQn/kﬁ,\//{57—\/]@;(])” (W) Qp. (423)

i (av/k, —av/k, v/a. —/a, \/aq, —/ag: O ( ) p
—~ (Vk, =k, —kq\/1/a, kay/1/a, ky/a/a. —k\/a/a; q)n !

_ (kq,k*q/a; q)oo Z (k. kq", av/'k, —av/k, va, —/a, v/ag,
 (kq/a, k%q/a; q)oo —Vk,kqv/1/a, —kqy/1/a, k\/q/a,

—Vag Kq/a, k¢ farq)y (k)" 42.4)
—kv/q/a,aq,aq" ! kg, kq" T q)n \ @ A
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S

n=0

 (kq, @®¢* /K5 0% oo~ € ) kg ) [ —aq\”
N (—aq/k,aq; q) oo Z (kq, 22 /k; ¢2) i ap. (4.2.5)

Proof of (4.2.1). Substituting a = k¢*",b = k/a and ¢ = cq” in (4.1.6), we

have

ke, —q""\WEk,  k/a, cq"; g, GQ/C\/k]

493
_qn\/k7 ann—i—l’ kqn—l—l/c
_ (kq,aq/Vk, av/k/c, aq/c; q)so(ag; )2n(kg/c; av/k; On (4.2.6)
(agq/cv/k, aq, kq/c, av/k; @)oo (kq; @)2n(ag//k, aq/c; q)n
Putting

5 (e—avkia), (aq )T
" (= kq/c;q)r \ ek

in (4.1.2) and making the use of (4.2.6), we get

. — (ki @on(avk —avk,ciq)n(kq, aq/ vk, avk/ e ag/c 4)o (aq )"
" (ks )2n(—VE, aq/V/k, aq/c; a)n(ag, ag/ ek, ka/c.av/ks @)oo \ eVE )

Substituting §,, and ~,, as above in (1.4.3), we get (4.2.1).

Proof of (4.2.2). Setting a = k/a,b = k¢*® and X\ = ¢*"/ak in (4.1.7), we get

kla, ¢*"tl\/ak, k¢®™; q, a2/k2]

3P2
q2”\/ak, aq2n—|—1

_ (a/k,d*q/k; @)oo (0g; @)2n (1= ¢*"Vak + Va/(Vk — a®2¢™)

(a?/k?, ag; )oo(a/k; @)on (1= @**Vak)(1+ Va/VEk)

(4.2.7)
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where |a?/k?| < 1.

Choosing

5 _ (@ akiq), (a_2>r
" (q"Vakiq)r \ K2

in (4.1.2) and with the use of (4.2.7), we have

(1_q2n\/ak+\/a/(\/k—a3/2q2”))

T A= @rak) (1 + va/ k)

(a/k, a*q/k; @)ook, kq", " Vak;@)n @\
(ag, a®/k?; @)oo (q"V/ak, a?q/k, a?q" 1 [k; ) \ k2 ]

Using 6, and ,, in (1.4.3), we obtain (4.2.2).

Proof of (4.2.3). Choosing a = k¢*" and b = k/a in (4.1.9), we get

kq*, g Nk ="k, ke g, a2//f2q]
193

¢"Vk =gk ag®t!

_ (&*¢*"/k,a/kq; q)
(ag®*1, a2 /k%q; @)oo

(4.2.8)

Now taking

(\/k’ _\/k;Q)T kzq

in (4.1.2) and using (4.2.8), we get

5, — vk vk )y (a_2>r

_ (@®/k,a/kg; @)oo (k; @)2n(av/k, —av/k: @)n (a_2>”
(aq, a2/qk?; @)oo (a2 /k; Q)an (VEk, =/ @)n \ gk2 )

substituting §,, and v, in (1.4.3), we obtain (4.2.3).
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Proof of (4.2.4). Taking a = k¢*" and b = k/a in (4.1.10), we get

kan’ qn+1\/k’ _qn+1\/k7 qn\/a7 —C]n\/@;
87
qn\/ka _qn\/k,’ kqn+1/\/a7 _kqn+1/\/a7
"Vaq,  —q"\aq, kja; q, kq/a

kq"aq/a, —kq"\/q/a, ag*t

_ (k¢* T K?q/a% @)oo
 (kq/a,k2¢*"t Ja; q)oo (4:2.9)

where |kq/a| < 1.

Putting

Or = (avk, —avk, va, —va,v/ag, —v/ag; q)r (@)T
C Wk vk kay1/a,—kay/1/a.kvaja,—kv/a/a;q)r \ a

in (4.1.2) and applying (4.2.9), we have

(kq, qk? /a®; q)oo(ak? [a, k; @)2n(av/k, —q/k, a, —v/a, v/ ag,

= (keg/a, K2q/a; @)oo (kg a5 @)an (ks —v/k, kay/1/a, —kgy/1/a,

W Vg (@)”
kva/a, —kv/qlaign \ a )

Substituting §,, and v, in (1.4.3), we get (4.2.4).

Proof of (4.2.5). Setting a = kq¢*" and b = k/a in (4.1.8), we get

ke, kja 5 q, —aq/k
2¥1

aq2n—|—1
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o mt+l 2 2042 /q.. 2
_ C8 Db P R )0y 5 1)

(—aq/k,aq®*1;q) oo

Taking

in (4.1.2) and using (4.2.10), we get

o = (C0 0o (ka, ¢ ki )oo (b, kg @) (—aq)n
" (g, —aq/ki @)oc(kq, aqP ks qP)an \ K

Substituting §,, and ,, in (1.4.3), we get (4.2.5).

4.3 Applications

By using (4.1.3) in (4.2.1) and taking n — oo, we get

k? Q\/kv _Q\/k7 C, a, Q\/a, _Q\/a’a Cb/k’, q, Q\/k/c
kQ> _\/kv G/Q/\/k7 \/CL, —\/CI,, kQ7 CLQ/C

8¥7

gk, kq/c,aq,aq/c\/k; @)oo
~ (kq,aq/Ek,q\/k/c,aq/c; @)oo 4.3.1)

where |g\/k/c| < 1

Again by making the use of (4.1.5) in (4.2.1) and taking n — oo, we obtain

ka _Q\/k7 c, Q\/ka a, Q\/a, _q\/aa Y, Z,
kQa _\/k7 GQ/\/ka CLQ/C, \/CL, —\/CL, CLQ/ya CLQ/Z7

10%9
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a*q/kyz; q, q\/k/C]
kyz/a

_ (aq/c\/k,aq, kq/c,q\/k; q)oo
(kq,aq/Vk,qvk/c,aq/c; q)oo

[q\/k, c, kyla, kz/a, 'k, aq/yz «q, aq/CWf]

X6¥5
_\/ka k’Q/C, GQ/ya CL(]/Z, k:yz/a
4.3.2)
where |¢g\/k/c| < 1 and |ag/c\/k| < 1.
On using (4.1.4) in (4.2.2) and taking n — oo, we get
k, kla; q, d®/K?
2001
aq
2 /1. _ _.3/2
~(a/k,a%q/k; @)oo (1 — ak + va/(\/k — a’/?) 4.33)

- (ag,a?/k%q) (1= Vak)(1+ Va/Vk)
where |a?/k?| < 1.

By making the use of (4.1.3) in (4.2.3) and then taking n — oo, we obtain

a, qva, —qva, alk, 'k, qJk, —qJk; q, a/kq
796
va, —/a, kq d*/k, Vk,  —k

(aq, a*/k*q; @)oo
= 434
(a?/k,a/kq; @)oo’ (4.34)

where |a/kq| < 1.

In (4.2.3) using (4.1.5) and then taking n — oo , we get the following trans-
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formation

k, Q\/k7 _Q\/kv a, q\/CL, _q\/a’7 Y, 5
a’z/ka \/k7 _\/k7 \/CL, _\/a7 aq/y’ (I,Q/Z,

98

a’q/kyz; q, alkq ]

kyz/a

_ (aq,0%/K*q; q)
(a%/k, a/kq; q)oc

avk, —aqvk, kyla, kzfa, 'k, aqlyz q, a*/k%q
605 , (4.3.5)
\/ku _\/k7 CLQ/yv GQ/Zv kyz/a
where |a/kq| < 1 and |a®/k?q| < 1.

Again in (4.2.4) making the use of (4.1.3) and taking n — oo, we obtain the

following summation

k?, Q\/ka _Q\/k’ \/a’ _\/a’ \/aq, _\/CLQa
vk, =k, keyl/a, —kgqy/1/a, k/q/a, —kv/q/a,

12411

kQQ/aa a, Q\/av —Q\/CL, a/kv q, ]{52(]/@2

\/CL, _\/a’u kQ7 aq, kq

_ (kg/akq/aq)e 50

(kq,k2q/a%; q)o

Now use (4.1.5) in (4.2.4) and taking n — oo ,we have

o k? Q\/ka _Q\/k, \/a’a —\/CL, \/an _\/a(L
14¥13
\/kv _\/k7 kQ\/l/(l, —I{ZQ\/l/CL, k\/Q/av —]{Z\/q/(l,
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k*q/a, a, qya, —qya, v, z, d’qlkyz; q, k%q/a®

aq, kg +a, —+a, aqly, aq/z, kyz/a

_ (kq/a, k*q/a; q)oo
(kq,k%q/a* q)c

Q\/ka _Q\/kv \/a’ _\/a7 \/a(J7 _\/CML ky/a,
\/ka _\/ka kQ\/l/a> _kq\/l/aa k\/Q/aa _k\/Q/aa

X10¥9

kzfa, Kk, aq/yz; q, kq/a

437
aqly, aq/z, kyz/a

where max (|k?q/a?|, |kq/a|) < 1

By using (4.1.3) in (4.2.5), we have

i (k,kq", a,qy/a,—qv/a,a/k; q)n(—q)"

(¢, va, =V/a, kg; @)n(kq, a*¢* /K; ¢%)2n

T (—; oo (kq, 2Tk )

and again in (4.2.5) using (4.1.5), we get

kyfa, kzfa, ko aqfyzoq, —aqfk (=g q)eo(kg, a2g? /K g7

493 :
aq/y, aq/z, kyz/a (—aq/k, aq; q)

—  (k,kq",a q\/a —qv/a,y, z,a*q/kyz; q)n(—q)"
x> : . (439
(kq,a2q?/k; ¢®)an(q, \/a, —/a,aq/y, aq/z, kyz/a; ¢)n ( )

n—=

where |ag/k| < 1.
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Chapter 5

Transformations and Summations of
Bilateral Basic Hypergeometric

Series

5.1 Introduction

The method of Cauchy [30] in the second proof of Jaccobi triple product iden-
tity [51] has been successfully used to prove various transformations of basic
bilateral hypergeometric series by many authors. By this method (refer to as
Cauchy’s method of bilateralization) we can obtain summations and trans-
formations of bilateral basic hypergeometric series starting from a known
terminating unilateral basic hypergeometric series. For the earlier use of this
method one may refer to the work of Bailey [26], Slater [87] and Shukla

[77]. Recently, Cauchy’s method and its variants have been used by Jouhet

The content of this chapter is based on the reference [10].
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and Schlosser [53, 54], Chen and Fu [32], Schlosser [75], Jouhet [55], Zhang
[104], Zhang and Zhang [103], Zhang and Hu [105] and Antony [23] in driv-

ing a number of bilateral basic hypergeometric series identities.

In the present chapter, we have applied the Cauchy’s method of bilateral-
ization on the following terminating series identities [96] to get the bilateral

extension of the same.

k, gk, —qk, kb/a, kc/a, kd/a, —q/a, va,
12011
Vk, —vk, aq/b, aq/c, aq/d, —k/\/a, kq/\/a,

vag,  —ag, k*q*/a, ¢ q, q]
kv/q/a, —kv/q/a kq'tm, aql_”/k:

_ (kq,k?*/a* k/\/a;q)n
(k/a,k?/a, kq/\/a;q)n

a, _Q\/aa b7 C, d7 q_na q, 4
><6g05[ , (511)
—va, aq/b, aq/e, ag/d, a’q"""/k?

where k = a?q/bcd.

[ k, gk, —qvk, kbla, kc/a, kd/a, g /a, —ya,
12911
Vk, —vk, aq/b, aq/c, aq/d, k/\/a, —kq/\/a,

vag,  —vagq, kqJa, ¢ q, q

kvala, —kvqla kgt ag'"/k
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(kq,k%/a?, —k/\/a; q)n
(k/a’v k2/aa _kQ/\/a§ Q)n

a’7 q\/a’7 b7 C’ d’
X6P5

“a (5.1.2)

va, agq/b, aq/c, agq/d, a*¢*"/k?

where k = a?q/bcd.

a, q\/a, _Q\/aa Cl/d, a2q1+”/d,
1099

\/a? _\/a7 an dq—n/a’

\/d7 _\/d>
ag/v/d, —aq/\/d,

Vdg,  —/dq, ¢ g, q]
av/q/d, —a\/q/d, ag'™"

[ a2/Q7 a\/Qa _a\/qv a/b\/qv C,
69¥5

a/\g, —a/ Vg,

_ (e/c,et?/a* q)n
(e, eb?/ca?; q)n

b/a+\/q, c,
ab/q,

6¥5

[bz/q, Vg, —by/g,
b/va, —b/\/4g,

71

ab\/q, e, a

eb?/a?,

_ (ag.a’q/d* q)n
(ag/d,a*q/d; q)n
(5.1.3)

g™ q, q ]
2qufn/b26

n

. q]. (5.1.4)

cqgl™" /e



5.2 Main Results

The following transformations are true whenever the series involved are con-

vergent

va, vaq, —vaq, qvk, —aqyk, —qya, kbla,  kc/a,
vk, =k, aq/b, aq/c, —k/v/a, kq/\a, kq/a, —k\/q/a,

1212

K¢ /a, k¢, ¢,  kdq"“/a; q, q]

ql—l—n? k.ql—kn’ aql—n/d’ Cqu_n/k

_ (a/bq/eafk K [a® k//a, d, kg; q)n
(ag/kb,aq/ke,q/a,k/a, kq/\/a,kd/a,k%/a; q)n

—-n

b, ¢, —qva, dq", aq™", ™ 7, q
6¢6[ , (5.2.1)
¢, —va aq/b, aq/c, ag'™"/d, a’q'T"/k?

where k = a?q/bcd.

. [ —Va, +aq, —aq, q/k, —q/k, qva,  kbla,  kc/a,
12¥12
\/ka _\/ka aq/ba GQ/C, k/\/av —k’CI/\/CL, kf\/Q/CL, _k\/Q/a7
k2" fa, kg™, ¢, kdg"/a; q, q]
ql—}—n’ k,ql—i—n7 aql—n/d7 aql—n/k

— (Q/b, Q/Cv Q/k7 k2/a27 _k/\/a’a d7 kQ7 Q)n
(aq/kb,aq/ke,q/a, k/a,—kq/\/a, kd/a,k?/a;q)n

(5.2.2)

b, ¢, qva, dq", aq™", " q q
6U6 ,

¢'*", Va, aqfb, agfe, aq'™"/d, a’q'"/k?
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where k = a?q/bcd.

aqiny Q\/aa _Q\/aa aqn/da a2q1+n/d’ \/d7 _\/d7
10%10
¢, Va, —va, d¢t™", dqg"/a, agq/\/d, —aq//d,
Vdg,  —/dq, ¢ g, q]
CL\/Q/d, —CL\/Q/d, aql—l—n
_ (a\/q/d, —CL\/Q/d, —(IQ/d, aqg, 1/\/d7 _1/\/d7 Q/(l, q; Q)n (5 o) 3)
(a/d,a’q/d,q//d, —q//d, =4, =4, /¢, 1/ d; q)n
. [a\/q, —avg, ¢, ag" Y2b,  alg " 4, q]
6 %6
" a/va, —alVa, e, abg "2 a2eqt T e

(eb?/a?,bjar/q, ¢"/% /b, —q' /2 b, efc, % Ja?, q/b, —q/b; q)n
(e.a/b\/q,q"/%/a,—q" /2 [a,b?e/a%c, ¢? /b2, q/a, —q/a; q)n

g, —bJg, ¢, b V%a, B2 ¢ g, g
6V6 .

¢ b/a, —b/\g, abg T2 eb?ja?, cqt /e

Proof of (5.2.1). Replacing n — 2n in (5.1.1), we have

2n

Z (CL, _Q\/a’u b? C, d7 q_2n; Q)Tqr
(

q, —\/CL, GQ/ba GQ/Ca CZQ/d, a2q172n/k2; Q)r

r=0

2n

_ (k/a,k?/a, kq//a; q)gnz (k,q\/k, —q\/k,kb/a, ke/a, kd/a,
(kq,k?/a2, k/\/a;q)on s (g, vk, —/k,aq/b,aq/c,aq/d, —k/\/a,

L~/ Va, ag, —/ag, E2¢*"Ja,q " q)rq"
kq//a, kv/q/a, —k\/q/a,aqg 72" [k, k¢t T2 q),
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Now taking » — s + n and we have the following

n

Z (a, —gv/a,b,c,d, g 2" q)s1ng® ™ (k/a, k?/a, kq/\/a; q)on
(

4, —va,aq/b,aq/c,aq/d, a*q' 2" [k q)ssn (kg k?/a® k/\/a;q)an

S=—n

n

y Z (k,q\/k, —q\/k,kb/a, ke/a, kd/a, —q\/a, /a,
(¢, vk, —Vk,aq/baq/c,aq/d, —k//a, kq/\/a, kv/q/a,

S=—n

Vag, —/aq, K*¢*" Ja, ¢ @) s4ng® T

) —kv/q/a,aqt =2 [k kG q) g

2

Replacing a — aqg™®" , k — kq™?", b — bg ™ and ¢ — cq ", we get

desired result (5.2.1).
Proof of (5.2.2). Changing n — 2n in (5.1.2), we have

2n

Z (a,qv/a,b,c,d, g2 q)rq" (k/a,k*/a, —kq/\/a; q)an
(

¢, Va,aq/b, agfc, ag)d, a2 2 k% ), (kq, k2/a2, —k]\/a; q)an

2n
X

r=0
(k, gk, —q\/k,kb/a, ke/a, kd/a, g\/a, —+/a,
(g, vk, =k, aq/b,aq/c,aq/d k[/a, —kq/\/a, k\/q/a,

vag, —/agq, K*¢*" Ja, 72" q)rq"
—kv/q/a,aqt=2 [k, kgt ),

X

and then replacing r — s + n, we get

n

Z (a,qv/a,b,c,d, g 2" q)sing® ™ (k/a, k?/a, —kq/\/a; q)on
(

q4,v/a,aq/b,aq/c,aq/d,a?q" =2 [k2; q)sn  (kq,k?/a%, —k/\/a;q)m
" zn: (k,q\/k, —q\/k,kb/a, ke/a, kd/a, g\/a, —+/a,
= (4, vk, =k aq/baq/c,aq/d, k[\/a, =kq//a, k\/q/a,

Vagq, —v/aq, kK*¢*" Ja, ¢ ) sing® "
—kv/q/a,aqg 72" [k, kq' T2 @) s1n,

S=—n

2

Substituting a — aqg~?" , k — kq=?", b — bg~"™ and ¢ — c¢~ " in above,
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we obtain (5.2.2).

Proof of (5.2.3). Replacing n — 2n in (5.1.3), we have

i (a7 Q\/a’a —Q\/CL, a/du a2q1+2n/d7 \/d7 _\/d7 \/dQ7 _\/d(L q—Qn; q)Tqr
(

—0 q, \/a> _\/aa dg7 dq—Zn/a’ CLQ/\/d, —CLQ/\/d, a\/Q/d7 —CL\/Q/d, aq1—|—2n; Q)T

_ (ag,a’q/d* q)an
(ag/d,a*q/d; q)2n

Replacing » — s + n then changing a — ag~2", d — dq—2" and after some

simplification we get (5.2.3).

Proof of (5.2.4). Changing n to 2n in (5.1.4)

2
S @00y ayg.abnog g _ (/e d?/ i,
2 (a/\/a, 0/ /1 aby/q, e, a?eq =2 [1Pe; q), (e cb?/ca®: q)n

2n

<bz/q> b\/q’ _b\/Q7 b/a\/‘b ¢, q—2n; Q)r r
. Z(b/\/q, —b/\/g, aby/q, b ]a?, cq " e q)p

r=0

and taking » — s + n, we get

zn: (az/Q7 a\/Qa _a\/Q7 a/b\/Q7 C7 q—ZTL; q)s+n s+n o (G/C, ebQ/CLQ; Q)Qn
(

a//q, —a/+/q, ab\/q, e, a?cq =2 Jb2e; ) sin, — (e,eb?/ca; q)an

S=—n

X i (bQ/Q7 b\/Q7 _b\/Q7 b/a’\/CI7 C, q—2n; Q)s+n q5+n
(b/\/qa _b/\/Q7 ab\/q> eb2/a2, quin/e; Q)S+n

S=—nN

then replacing a — aqg™",b — bq™",¢c — cq" " and e — eq™", we get (5.2.4).
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5.3 Some Special Case

In this section, we mention some interesting special cases of our main results.

By putting d = ¢ in (5.2.1),we get

\/(l, \/CLQ7 _\/GQ7 Q\/ka _q\/k7 _Q\/aa kb/a7
\/ka _\/k? CLQ/ba GQ/Ca —]C/\/CL, k'Q/\/CL, k\/q/a,
kea,  k*q"/a, kqT", ¢ k¢'/a; q g ]

—kv/q/a, ¢ k¢t ag™", ag'"/k

12912

_ (a/bg/e.afk K’ k/Va, q, kg q)n
(ag/kb,aq/kec,q/a, k/a, kq/\/a, kq/a,k?/a;q)y

b7 C, _Q\/a, q—n; q, (g
4@04[ ] (5.3.1)
—Va, aq/b, aqfe, a*¢7"/k?

where k = a?/bc.

Subtituting b = a in (5.3.1), we get

a, ¢ —q/a, " 7 q
493
—\/CL, CLQ/Cv a2qlin/k‘2

_ (ag/ke,k/a ka/Va, ke/a, F/a:0n g 3 o)
(q/c,k?[a? k/\a, ¢, kq; @)~

where a = kc.
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Subtituting d = ag~" in (5.2.1), we obtain

\/CL, \/aq7 —\/(Zq, Q\/k, _Q\/ka _Q\/aa kb/aa
\/k7 _\/kv GQ/bv CLQ/C, _k/\/aa kq/\/aa
kefa,  K*q"/a, k¢, q" ki g q ]

kvala, —k/q/a, ¢ kg™, agt™"/k

12911

_ (a/ba/e.a/k K?/a? k[ /a,aq™" kq; q)n
(aq/kb,aq/ke,q/a, k/a, kq/v/a, kg™, k%/a;q)n

n

a, b7 G, a’q_n7 —qv/a, q_7 q, 4
v ], (5.3.3)

¢t —a, ag/b, agfe, a*q' /K
where k = ag™ ! /be.

By putting b = a in (5.2.1), we get

va, ag, —vaq, avk, —avk, —qva, k,
vk, =k, aq/c, —k/\/a, kq//a, ky/q/a,

kefa,  K*q"Ja, kg™, ¢ ", kdq“/a; q, q

12911

—k\/Q/CL, q1+n7 kq1+n7 aql_n/d7 a’ql_n/k

_ (a/c.k?/a? k/a,d kg; q)n
(aq/ke, k/a, kq/\/a,kd/a,k2/a;q)n

a, ¢ —qya, dq*, aq™", " q q
65 . (5.3.4)

q1+n7 _\/0’7 CLQ/Cv aql_n/d7 a2q1_n/k2
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where k = aq/cd.

By taking d = aq in (5.2.1),we obtain

\/CL, \/@qa _\/a(L Q\/ka _Q\/k,

10%10
\/ka _\/k7 QQ/ba CLQ/C, —k/\/CL,
kc/a,

—kv/q/a,

_ (a/ba/e,q/k K?/a* k[ \/a,aq;q)n
(aq/kb,aq/ke,q/a,k/a, kq//a,k?/a;q)y

b7 ¢, _Q\/a7 aq1+n7

5¢5 [
q1+n7 —\/CL, GQ/ba GQ/C,

where k = a/be.

Setting b = y/a and ¢ = —/a in (5.2.1), we obtain

['Va, vag, —vaq, q/k,  —qVk
10910

kg™,

_Q\/aa kb/aa
kq/v/a, kv/q/a,
k*q"Ja, kg™ q, ¢ ]
ql—&—n’ aql—n/k
ag™";  q, q
, (5.3.5)

a2q1—n/k2

k/\/a, k2q”/a,

vk, =k, qva, kq/va, kqla, —kqla, ¢,

", kdq"/a; q, q

kg't", ag'™"/d, aq'™"/k

(¢/va,—q/\/a,q/k k*/a* k/\/a,d, kg q)n

(gv/a/k,—q\/a/k,q/a, k]a, kq/\/a, kd]a, k?]a; q)n
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va, dq",  aqg™", " 7, q
4ty , (5.3.6)
ql—l—n’ q\/a, aql—n/d7 a2q1—n/k2

where k = —aq/d.

Setting d = ¢ in (5.2.2), we have

kq™ ", qvk, —q/k, kb/a, kc/a, k:qH”/a, qa, —Va,
q1+n7 \/k7 _\/ka (IQ/ba (IQ/C, aq_na k/\/aa —kQ/\/CL,
vag,  —vaq,  kK*q"/a, ¢ q, q ]

kvq/a, —k/qla, aq "k, kq¢'t"

12012

— <Q/b7 Q/Ca Q/ka k2/a’27 _k/\/a7 q, kQ7 Q)n
(aq/kb, aq/ke, q/a,k/a,—kq/\/a, kq/a, k% /a; q)n

b, ¢ ava, " ¢ ¢
4@/14[ ], (5.3.7)
Vva, aq/b, aq/c, a’q'~"/k?

where k = a?/bc.

Substituting b = a in (5.3.7), we obtain

a, ¢ q/a, qa " q q
493

va, agfe, a*qt"/k?

_ (aa/ke, kja, —ka/v/a, ka/a, /@ 0)n (5 5 g

(Q/C, k2/a27 _k/\/aa q, kQ; Q>n
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where a = kc.

Taking ag™" = d in (5.2.2), we get

ka7 ", gk, —qk, kbla, kcla, Kk, qa, —va,
q1+n7 \/ka _\/ka GQ/b7 CLQ/Ca k/\/d, —kq/\/a,
vag,  —vag, k*q%/a, ¢ q, q ]

kvala, —kvq/a, k¢, agt"/k

12911

_ (Q/b, Q/C7 q/k,k:Q/a2,—k‘/\/a, aqinak‘iq;Q)n
(ag/kb,aq/kc,q/a,k/a, —kq/\/a, kq™™ k2 /a; q)y,

a, b, ¢, aq ", q/a, " q q
6905[ . (5.3.9)
¢, Va, ag/b, agfe, a*q' 7" /K

where k = ag™ ! /be.

Substituting d = aq in (5.2.2), we obtain

w [kqnu Q\/ku _Q\/k, kb/aa k‘c/a, Q\/CL, —\/CL, \/a’q7

10%10
¢t ke =k, aq/b, agle, k/\a, —kq/\a, ky/(q/a),
—vag,  k*q"/a; q, q

—ky/(q/a), aq'~"/k

(q/b’ q/c, q/k7 kQ/a2> _k/\/@a aqg; Q)n
(aq/kb,aq/ke,q/a,k/a, —kq//a,k*/a;q)n
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ag™, b, ¢ qva, ag'™;  q, ¢
v (5.3.10)

5¢5[ ;
¢'*", Va, agq/b, ag/c, a’q' " /K

where k& = a/bc.
By putting b = @ in (5.2.2), we get

—va, Vaqg, —vaq, q/k, —q/k,  q/a,

12911 [
\/k7 _\/k7 aQ/Cv k/\/av —kq/\/a,

k, kefa, K q"Ja, kg™, ¢ ™, kdg“/a; q, q]

kvala, —kvqla, ¢ kgt agt™™/d, agtT"/k

_ (q/c,k%/a®, —k/\/a,d, kq;q)n
(aq/ke, k/a, —kq/~/a, kd]a, k?[a; q)p

n —n.

a, ¢ qv/a, dg", ag", " ¢ g
6905[ ] (5.3.11)
¢t Va, ag/e, ag'™"/d, a*¢'T"/K?

)

where k = aq/cd.

Setting b = y/a and ¢ = —/a in (5.2.2), we obtain

[ _\/a7 \/CLQ7 _\/CLQa Q\/k', _Q\/ka _k/\/aa
10%10
\/k7 _\/k7 _Q\/Cl, —kQ/\/CL, k\/Q/a’a _k\/q/a7
k2q"Ja, kg, ¢ ", kdq"“Ja; q, q

ql—&—n’ kql—kn’ aql—n/d> aql—n/k
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_ (a/va,—a/Va,q/k K [a®, —k/\/a,d kg q)n
(Q\/a/ka _Q\/a/k7 Q/av k/aa _kq/\/a7 kd/a> k2/a; Q)n

—va, dq", aqg™", " q
4y

q
], (5.3.12)
ql—i—n7 _q\/m aql—n/d7 a2q1—n/k2

where k = —aq/d.

Putting d = a? in (5.2.3), we get

[q\/a, —-qv/a, q"/a, a, —a, avq, —av/q, ¢ q, q]
8PT7

\/au _\/au aqu_na —q, \/Q7 _\/CL aq1+n

 (Va/a,—/q/a,aq,—1/a;q)n
= S s (5313)

Choosing e = ¢ in (5.2.4), we get

. [b\/q, b/, ¢, bg"V2%ja, BEqTTY T g, q]
66

@Y b/\g, b/, abgT"Y20 B2qla?, cqT

(¢,a/bq"%,¢" /% Ja, —q" /% Ja, b?q/a%c, ¢*)V?, q/a, —q/a; q)n

(bQQ/a27 b/aq1/27 q1/2/b7 _q1/2/b7 Q/C7 q2/a27 Q/ba _Q/bv Q)n

[a\/q, —avg, ¢, ag” Vb, a?qm " g q]
695 .
Y, a/Va,  —alvg,  abg Y2 aPegTm /b?

(5.3.14)
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Chapter 6

Some Miscellaneous Transformations
of Unilateral and Bilateral Basic

Hypergeometric Series

6.1 Introduction

In the present chapter, we derive some miscellaneous transformations for uni-
lateral and bilateral basic hypergeometric series. In particular, in section (6.2)
we have obtained some presumably new transformations of basic hypergeo-
metric series using the known summations and transformations available in
the literature along with an identity due to Fine [42]. In section (6.3), we
have recorded our observation on a recent transformation of Chen and Fu
[33] leading to some new transformations of bilateral basic hypergeometric

series to unilateral basic hypergeometric series.

The content of this chapter is based on the reference [11].
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6.2 Some Transformations of Basic Hypergeometric

Series

In his monograph, Fine [42] has recorded a useful identity [eq 20.4; [42]]

which can be stated as follows. If

- ZAnt” (6.2.1)
n=0
then
S n (0G Qoo x=(0/a; r(ag)® |, &
A = —— . g(q"t). (6.2.2)
nz% (b%Q)OO; (@ D

It may be observed that with a proper choice of A, in (6.2.1), we may get
a transformation and summation from (6.2.2). We have used this fact to es-
tablished the following transformations which are presumably appear to be

ncew

7¥6

\/CL, _\/a> \/b= _\/ba \/bQ7 _\/bq; q, t]
—q,  bg, e, —ve, Veq, —Veq

o0

_ (ag,b:9)0 Z b/a Q)k(aq)® (atd®; ¢*)so
(bq,¢; q)oo 4 q)k (tq"; ¢*) oo

k=0

- c/b, "yt "yt g, b] 623
32 . (6.2.
¢Pat, —¢*at

where |t| < 1 and || < 1.
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_(aq,ath;q)oo bja, t; q, aq
T g tae .

24: q)oo bla, t q, ag?
RGN . (62.4)
(ba, t; @)oo .

where |t| < 1 and |aq| < 1.

493

a, Q\/(Z, _Q\/a’a aq; (g, t]

(aq, atq?; q)oo bja, ;i q, aq
=V 21
bi.t: )0 7 2

atq

Latq: @)oo bla, t; q, ag?
—%(aw m[ . (6.2.5)
q,0,4)0 atq2

where [t| < 1 and |aq| < 1.

544

a, Q\/av _Q\/a’a b7 aq; (g, t]
\/CL, _\/aa (J,Q/b, bq

_ (aq,aq,bt; ) i (b/a, t: q)(aq)* 1/b,  ¢"t; q, aq 62.6)
—(bg.t,aq/b; q)so —~ @b, 2 b+ Lo
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where |t| < 1 and |ag| < 1.

aq, CLQ, aba _ab7 q, t
493

22, —ta

_ (ag, at, —at; q)o ~(b/a,t,—a%t; q)r(ag)"

(ba, t, —a*t; @)oo “= (g, at, —at; q)i
a27 b2; q2’ a2t2q2k+1
202 , (6.2.7)
qu’ a q2kt2
where [t| < 1 and |a®t?¢** 1] < 1
aq, b7 _b7 q, t
32
bq, V?
_ (09, ¢)o i b/a q
bq 7)o —~
0, 0; ¢* ¢**
2@01[ , (6.2.8)
qb?
where |t| < 1 and [t?¢?*| < 1.
aq, bv _bv q, t
32
bg, b?
_ (a3 9)so i(b/a,t;qn(aq)k
(ba,t:q)o0 = (€0
. 2 242 2k+1
- ¢, b%t7q
201 [ ] , (6.2.9)
qb?
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where [t| < 1 and |b?t2¢%* 1] < 1.

(aq, —t;@)s0 i b/a, —at; q k(ag)k
(b, at q)oo —~ (@t

2 2k

2

a, aq; q°, t°q

2@1[ ], (6.2.10)
b2q

where |t| < 1 and [t?¢?*| < 1.

a, b, agq; ¢, t/ab
3¢9

t, bq

. (6.2.11)

~ (ag,t/a,t/b;q)s [b/fla t, t/ab; q, aq
(bq,t,t/ab; q)oo ta, /b

where |t/ab| < 1 and |ag| < 1.

For the proof of (6.2.3) - (6.2.11), we shall require the following known trans-

formations
— (a;¢%)n(b; @)2n ( at; ¢%)oo C/b q)
t" = bm. 6.2.12
;(QQ;QQ)n(C; 7)2n t %) Z (s ) ( )
[22]
a*, aq; q, t a’t
m[ ] —(1+ t)%, (6.2.13)
a $ )0
where |t| < 1.
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[44]

a, a, — a; ) t 2.
309 [ 0 W 4 ] = M(l — aqt2), (6.2.14)

va, —Ja (t;q)oo

where |t| < 1.

[44]

a, qv/a, —qva, by q, t (aq, bt; @)oo
e " (t.ag/biq)
Vva, —+a, aq/b ’ e

/b, t; q, ag
201 [ ] , (6.2.15)
bgt

where [t| < 1 and |aq| < 1.

[44]

a?, ab, —ab; q, t (0242 ¢%) e
392 :(—

22 2 t, —a?t;q)oo

a“b*, —ta

a?, bV P a’tg
202 , (6.2.16)
a2b2g, a2t

where [t| < 1 and |a?t?q| < 1.
[52]
b7 _b7 q, t 07 07 q27 t2
201 = (~t;¢)oo 2001 (6.2.17)
b? qb?
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2 242
1 - g% qbt
S [ ] . (6.2.18)

qb?
[57]
a, ba _b> q, —t t;q) 00 a, ag; q27 t2
392 [ ] - ((at’,‘”) 201 [ (6219
bQ7 ta 14 )00 qb2
[52]
Replacing ¢ to —t in (6.2.19), we get
a, b, —b; g, t —t:q)o a, ag; ¢*, t°
3902[ ] = % 2@1[ . (6.2.20)
b2, _ta 1q) o0 qb2
where |t| < 1.
Proof of (6.2.3). Taking
A — (@8)n(b0)on
" ()G )
in (6.2.1) and using (6.2.12), we get
(big )oo = (€/b; @)
g(t) - ( Z:O m CLt q

Now by making the use of A,, and ¢(¢) in (6.2.2), we get (6.2.3).

Proof of (6.2.4). Choosing
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in (6.2.1) and making the use of (6.2.13), we get

(a®tq; 4)oo
t)=(1+at)————.

o= ) (@)oo

Now by using A,, and g(¢) in (6.2.2), we get (6.2.4).

Proof of (6.2.5). Setting

A4 - (60(av/a Dn(=av/a: 9
" () (Va On(—Vaiq)n

in (6.2.1) and using (6.2.14), we get

t 2. )

) = (1 — ag?) W Do

g(t) = (1 — agt”) 1)

Now by substituting A,, and ¢(¢) in (6.2.2), we get (6.2.5).

Proof of (6.2.6). Choosing

4 = (@ @n(ava O)n(=4va: @)u(bi 4)n
(@ On(va; @)n(—v/a; @)nlag/b)n ’

in (6.2.1) and using (6.2.15), we get

g(t) =

(aq,bt; @)oo 1/b, t; g, ag
(fag/bg)oc - . '

bq

Now using A, and g(¢) in (6.2.2), we get (6.2.6).
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Proof of (6.2.7). Setting

(a®; q)n(ab; q)n(—ab; q)n
(45 0)n(a?0?; ) (—ta?; q)n’

A, =
in (6.2.1) and using (6.2.16), we get

(a®t?; ¢%) oo a’, V¢ a

9(t) = (t, —a%t; q)oo

Now by making the use of A,, and ¢(¢) in (6.2.2), we get (6.2.7).

Proof of (6.2.8). Taking

(05 @) (=05 )

An - 3
(¢ 0)n (% @)n

in (6.2.1) and using (6.2.17), we get

0, 0; ¢? ¢
g(t) = (—t; @) 2001 :
qb?

Now by substituting A,, and ¢(¢) in (6.2.2), we get (6.2.8).

Proof of (6.2.9). Choosing same

(;)n(=b; @)

Ay = DT,
(¢ 0)n(b%;@)n
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in (6.2.1) and using (6.2.18), we get

Now by making the use of A,, and ¢(¢) in (6.2.2), we get (6.2.9).

Proof of (6.2.10). Taking

(a5 @) (D5 ) (=05 @)

An = T 0% Q)n(—at

9

in (6.2.1)and using (6.2.20), we get

2 42
—t; a, aq; q°, t
(_atQQ)OO qb2

Now by using A,, and g(¢) in (6.2.2), we get (6.2.10).

Proof of (6.2.11). Setting

in (6.2.1) and using (1.3.11), we get

(t/a;q)oo(t/b; q)oo

90 = g (tab @)

Now by putting A,, and ¢(¢) in (6.2.2), we get (6.2.11).
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6.3 Some Transformations from Bilateral Basic hy-
pergeometric to Unilateral Basic Hypergeometric

Series

In this section we have recorded some transformations of bilateral basic hy-
pergeometric series into unilateral basic hypergeometric geometric series which

are direct consequences of the following identity due to Chen et al [33].

a, b; q, z
2¢2[ ]
c, d

(C/b7 abz/d, dq/abz, Q/dv q; q)OO [ d/CL, Cd/abz; 7 bq/d ]
= ) 201
(C7 CLZ/d, Q/av Q/b7 Cd/ab’z7 Q)oo dQ/a/Z

(az,q/az,cq/d,b,d/a,q;q)e0 (az) [aq/d, bg/d; q, z

B : 201 (6.3.1)
(c,d,bq/d,az/d,dq/az,q/a;q)s (d) cq/d ]

In the next section we shall need the following known transformations [44].

. (¢,2:¢)oo s

a7 ba Q7 z b, , 00 C/bv Z; Qa b
m[ ] _ (bazd)e m[ ] (6.3.2)

a, ba q7 z b,b 3 00 CLbZ/C, b’ q7 C/b
2@1[ ] _ (/b bz m[ . (633)

. (¢,2:¢)o0 b

[f% b; g, Z] (abz/c; q)so [C/aa c/b; g, abz/c
201 = ——— 2¥1

C

] . (63.4)
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a, by ¢q, = (abz/c; q)so a, ¢/b, 0; ¢, ¢
21 = TN 392
(bz/¢:¢)oc

: z, abzfe, 0; q, g
NCURCT . / . (636)
(¢, 2,¢/b2;q) oo

bZ, bzq/c
And the Ramanujan 1v; sum [66]
a ¢ Z |  (az,q/az,b/a,q;q)co
1%[ b ] ~ (z,b/az,q/a,b;q)00 | (6.3.7)

where [b/a| < |z| < 1.

Finally, we have derived the following identities which are true whenever the

series involved are convergent

. cla, z g, q/bz
 (az,bz,q/b2,q; )0 2@1[ / / ], (6.3.8)

B (C7 Za Q/b7 CLbZ; Q)OO

where |cz| < |z| < 1 and |q/bz| < 1.
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_ebrgcfuge [ 0/e afbs g el oo
a (C7 Q/CL, CLbZ,Z; Q)OO 1 | B

where |cz| < |z| < 1and |¢/a] < 1.

 (az,q/c,bz,q,cq/abz; q) oo ¢/a, cfbi g afe (6.3.10)
B (Ca CLbZ, Q/av Q/ba zZ5 Q)OO 2901 ’ -

cq/abz

where |cz| < |z| < 1and |¢/c| < 1.

q/az, cla; q, q/b
/ / / (6.3.11)

Y

(az,cq/abz,bz,q; q)oo [
- 22

(c;q/b,abz, z;q)oo q/a, cqfabz

where |cz| < |z| < 1 and |¢/b| < 1.

(az,cq/abz,bz,q/c, q;q) o [qmz, c/a, 0; q, QI
= 32

(Ca Q/G,Q/b, (IZ/C, abz, q)OO CQ/CLZ, CQ/abZ

(az,bz,q,q/az,c/a;q) [ z, q/e, 0, q, q ]
: 32 , (6.3.12)
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where |cz| < |z] < 1.

00 b/a q) nq c/bq; Doolc/a: Qoo ¢ (b)a;q)oo(c)a;q)oo

n=

Proof of (6.3.8). Putting d = abz in (6.3.1) we get,

(a;@)n(b; q)n2"
Z (¢; q)n(abz; q)n

_ (az,cq/abz, bz, ¢;q)o q/bz q (q/az; Q)n2"
(q/a,q/b,c,abz;q)oo ZO n(cq/abz; q)n . (6.3.14)

Changing a = ¢/az, b = q/bz and ¢ = ¢q/abz in (6.3.2), we deduce

i(q/az;q>n<q/bz;q>nzn

= (¢;q)n(cq/abz; q)n

/bz q/a q) OOZ c/a q (%) . (63.15)

n:0

Substituting (6.3.15) in (6.3.14), we have (6.3.8).

Proof of (6.3.9). Taking a = g/az, b = ¢q/bz and ¢ = ¢q/abz in (6.3.3), we

obtain

i(q/az; @)n(q/b2;q)n2"

= (4:9)n(cq/abz; q)n

(c/a,q/b;q)oo Z Q/C q (q/b%; Q)n (E)n (6.3.16)
a
0

- (cq/abz, z;q) oo n(q/0; )n

Using (6.3.16) in (6.3.14), we obtain (6.3.9).
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Proof of (6.3.10). Setting a = q/az, b = q/bz and ¢ = cq/abz in (6.3.4), we

have

- /azq (a/b2; q)nz" /cqoo c/aq (/b (a)"
nzo n(cq/abz;q)n Z n(cq/abz; q)n ( ) '
(6.3.17)

On employing (6.3.17)in (6.3.14), we obtain (6.3.10).

Proof of (6.3.11). Substituting a = ¢/az, b = q/bz and ¢ = cq/abz in (6.3.5),

we get

i(q/az;q>n<q/bz;q>nzn

= (¢;9)n(cq/abz; q)n

(q/a;9) o q/az, cfa; q, q/b
=~  2¥2

3.1
(25 @)oo (0:318)

q/a, cq/abz

by using (6.3.18) in (6.3.14), we have (6.3.11).

Proof of (6.3.12). Substituting a = ¢/az, b = q/bz and ¢ = cq/abz in (6.3.6),

we get

i(q/azq%(q/bz;qw

= (q;9)n(cg/abz; q)n

(4/¢¢)ox i Q/az Q) (c/a; q)n(0;q)n(q)"

(az/c;q)oo n(cq/abz; q)n(cq/az; q)n

n=

N (q/az,q/b,c/a;q)so Z In(q/¢; @n(0; @)n(g)" (6.3.19)

(eq/abz, z,¢/az;q)so In(q/b; @)nlazq/c; q)n

by using (6.3.19) in (6.3.14), we have (6.3.12).
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Proof of (6.3.13). Substituting d = b in (6.3.1), we get

(¢/b,az,q/az,q;q)s bja  claz ;q ;q
__(c,az/b,q/a,c/az;q)da ¥

bq/az

(az,q/az,cq/b,b/a; q)s (a2) ag/b q ;q ;2
(cva/b.bafaz,/ai q)c (O M[Cq P ] (6.320)

now using (6.3.7) on left side of the (6.3.20) and then replace z = ¢/aq and
finally using (1.3.11), we get (6.3.13). If we take ¢ = bq in (6.3.13), we get

well-known ¢-binomial theorem.

The identities (6.3.8) - (6.3.13) contain a number of known results as their
special cases. They can also be used to derive eta function identities. For
example, if we set a = ¢'/2,b = ¢3/2,¢ = ¢ and then replace ¢ = ¢* in

(6.3.13) and using (6.3.22), we get

(i P)nd®™  (1—q)  qF P27
Z (q q ) B (1 — q3) T (1 _ q3) 77(7') . (6.3.21)

n=0

n(7) is Dedekind eta function defined as
n(r) = "B = ) = ¢4 (g ), (6.3.22)
n=0

where ¢ = ¢*™ and I'm(7) > 0.
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